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Abstract
By using the York canonical basis of ADM tetrad gravity, in a formulation using radar 4-
coordinates for the parametrization of the 3+1 splitting of the space-time, it is possible to write the
4-Riemann tensor of a globally hyperbolic, asymptotically Minkowskian space-time as a Hamilto-
nian tensor, whose components are 4-scalars with respect to the ordinary world 4-coordinates, plus
terms vanishing due to Einstein’s equations. Therefore ”on-shell” we find the expression of the
Hamiltonian 4-Riemann tensor. Moreover, the 3+1 splitting of the space-time used to define the
phase space allows us to introduce a Hamiltonian set of null tetrads and to find the Hamiltonian
expression of the 4-Ricci scalars of the Newman-Penrose formalism.
This material will be used in the second paper to study the 4-Weyl tensor, the 4-Weyl scalars
and the four Weyl eigenvalues and to clarify the notions of Dirac and Bergmann observables.
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I. INTRODUCTION.
In general relativity (GR) the curvature tensors of the space-time solution of Einstein
equations (or of their existing modifications) play a basic role connecting the structure of
the space-time to the matter present in it. The geometrical and tensorial properties of the
Riemann, Ricci and Weyl tensors are well understood and are exposed in all the books
on GR. These tensors are functions of the 4-metric tensor (and of its gradients) of the
space-time, which is the geometrical quantity describing the gravitational field. However
the Hamiltonian expression of these tensors has still to be investigated.
At the Lagrangian level we have the Hilbert action implying Einstein’s equations as its
Euler-Lagrange equations. This action is invariant under the local Noether transformations
generated by the group of passive diffeomorphisms (world 4-coordinate transformations) of
the space-time 4-manifold. These Lagrangian gauge transformations imply that only two
combinations of Einstein’s equations depend on the second time derivatives of the 4-metric
(the accelerations). As a consequence the general covariance of the theory implies that 8 of
the 10 degrees of freedom described by the 4-metric have to be considered as Lagrangian
gauge variables. However we are still lacking the identification at the Lagrangian level not
only of these 8 gauge variables but also of the two physical (i.e. invariant under Lagrangian
gauge transformations) degrees of freedom of the gravitational field as 4-scalar functionals
of the 4-metric. Only in the linearized theory in harmonic gauges they are known to be
connected with the two polarizations of the gravitational waves.
Only at the Hamiltonian level in the canonical ADM formulation of GR [1] there is a
technology (Dirac’s theory of constraints [2] and the Shanmugadhasan canonical transforma-
tions [3]) for facing the problem of the identification of the two pairs of canonical variables
describing the independent physical degrees of freedom of the gravitational field (the so-
called Dirac observables (DO)). These two pairs of conjugated DO’s are functionals of the
ten fields of the 4-metric and of the ten conjugate momenta invariant under the Hamilto-
nian gauge transformations generated by the 8 (four primary and four secondary) first class
constraints of the theory. Since the definition of phase space requires a 3+1 splitting of the
space-time (an identification of what is ”time” and what is ”3-space” inside the Lorentzian
4-manifold), the Hamiltonian gauge transformations act on the so foliated space-time and
their Legendre pull-back is not the Lagrangian group of the passive 4-diffeomorphisms of
the space-time, but rather a group of dynamical symmetries of Einstein’s equations having a
non-null intersection with the Lagrangian Noether transformations (the 3-diffeomorphisms
of the chosen 3-spaces).
Besides the DO’s there are eight (four primary and four secondary) Hamiltonian inertial
gauge degrees of freedom with the conjugate variables determined by the eight first class
constraints of canonical ADM gravity. These Hamiltonian gauge variables describe the free-
dom in the choice of the non-inertial (due to the equivalence principle) reference frames
centered on a time-like observer, in particular the choice of the instantaneous (generically
non Euclidean) 3-spaces labeled by some time variable and parametrized with a set of 3-
coordinates. The fixation of a gauge is made by adding four primary gauge-fixing constraints
for the secondary first-class constraints: they determine the primary gauge variables. Then
the preservation in time of these gauge fixings generates the secondary gauge fixings for the
secondary gauge variables. At the Lagrangian level the analogue of the gauge fixings for
the Hamiltonian gauge variables are the four coordinate conditions (and their preservation
in time) selecting a world 4-coordinate system (think to the harmonic gauge conditions).
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Therefore in a completely fixed gauge the world 4-coordinate system is completely deter-
mined both at the Lagrangian and Hamiltonian levels.
The non-linearity of the theory is the main obstacle to the completion of the program to
find the gravitational DO’s 1. In particular it is not yet clear whether the DO’s are tensorial
quantities, i.e. whether they are 4-scalars like in the old proposal of Bergmann [5] (the
so-called Bergmann observables (BO) of the gravitational field; see also Ref.[6, 7]).
In Ref.[8] there is a new Hamiltonian formulation of ADM tetrad gravity 2, which is
needed if the matter contains fermions, for the family of globally hyperbolic, asymptotically
flat space-times without super-translations. In them global non-inertial frames were defined
by giving the world-line of a time-like observer and 3+1 splittings of the space-time, namely
nice foliations with instantaneous 3-spaces (diffeomorphic to R3), and by using Lorentz-
scalar radar 4-coordinates [9–11] instead of the standard world 4-coordinates. The transition
functions from the world 4-coordinates to the radar one’s transform world tensors into radar
tensors, whose components are 4-scalars of the space-time.
The phase space contains 16 fields (the components of the cotetrads) and 16 conjugate
momenta. There are 14 first class constraints (10 primary and 4 secondary), so that there
are 14 Hamiltonian inertial gauge variables and two pairs of Hamiltonian physical degrees
of freedom (the tidal variables). In Ref.[12] it was found a Shanmugadhasan canonical
transformation to a canonical basis (the York basis 3) adapted to the ten primary first class
constraints, but not to the secondary ones (the super-Hamiltonian and super-momentum
constraints). In the York basis the two physical degrees of freedom are the two eigenvalues
of the spatial 3-metric with determinant one. They are 3-scalars of the 3-space, 4-scalars
of the space-time and are DO’s only with respect to the ten primary first class constraints.
In a completely fixed Hamiltonian gauge there is a uniquely determined system of radar
4-coordinates and an associated system of world ones.
If one would be able to solve the super-Hamiltonian constraint (the Lichnerowicz equa-
tion) in its unknown, i.e. the determinant of the spatial 3-metric, and to solve the three
super-momentum constraints in their unknowns, i.e. three suitable momenta of the York
basis, it would be possible to find a Shanmugadhasan canonical transformation to a final
canonical basis adapted to all the 14 first class constraints. The two pairs of physical tidal
variables in this basis would be a set of real DO’s for canonical gravity with the property of
being also BO’s, being 4-scalar due to the use of radar 4-coordinates.
In the three papers of Ref.[14–16] (quoted as I, II, III, in the sequel) there is the York basis
of ADM canonical gravity plus the electro-magnetic field plus positive-energy scalar particles.
In the papers II and III there is the weak field Hamiltonian Post-Minkowskian (HPM) limit
of the theory and its study in the family of (non-harmonic) 3-orthogonal Schwinger time
gauges with applications to gravitational waves and dark matter.
In this paper we will first show that the canonical variables of the York basis, living in the
3-spaces of the 3+1 splitting of the space-time centered on a time-like observer are 4-scalars
1 Only existence theorems have been found for DO’s [4], but not any explicit construction of them.
2 One uses the ADM Lagrangian with the 4-metric decomposed in terms of cotetrads.
3 It is called York basis because one of the inertial gauge variables is the trace of the extrinsic curvature of
the 3-spaces as sub-manifolds of the space-time: this quantity is known as the York time [13].
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of the space-time due to the use of radar 4-coordinates.Therefore if these special coordinates
are used in place of the ordinary world 4-coordinates we have a framework in which DO’s
and BO’s for the gravitational field coincide.
Then we will find the Hamiltonian expression of the 4-Riemann tensor in terms of the
cotetrads (and of their gradients) of ADM tetrad gravity. By using Einstein’s equations
for expressing the 4-Ricci tensor in terms of the energy-momentum tensor of the matter
(its Hamiltonian expression is known if there are not derivative couplings), we can express
the 4-Riemann tensor as the sum of a Hamiltonian Riemann radar tensor in the York basis
plus terms vanishing by using Einstein’s equations (or their equivalent Hamilton equations
in phase space). Therefore the Hamiltonian Riemann radar tensor becomes equal to the
Riemann tensor only on-shell on the solution of the equations of motion.
Moreover, we can define a set of Hamiltonian null tetrads in the York basis and to get
the Hamiltonian expression of Ricci scalars. This open the possibility to have a Hamiltonian
reformulation of the Newman-Penrose formalism (see for instance Ref.[17]).
The results of this paper will be used in the second paper to get the Hamiltonian Weyl
radar tensor (equal to the 4-Weyl tensor on-shell) and the Hamiltonian expression of the
Weyl scalars of the Newman-Penrose formalism. This will also allow us to get the Hamil-
tonian expression of the four Weyl eigenvalues (4-scalars independent from the choice of
the null tetrads), which have been used in Ref. [7] to give a physical identification of the
mathematical points of the space-time 4-manifold. They will be shown to be neither DO’s
nor BO’s due to their dependence on the Hamiltonian inertial gauge variables.
In Section II we make an extended review of ADM tetrad gravity in the York canonical
basis, with an explicit clarification of the 4-scalar nature of its variables due to the use
of radar 4-coordinates in the 3+1 splitting of the space-time needed to define the phase
space. Moreover we express the 4-Ricci tensor as the sum of Einstein’s equations plus the
Hamiltonian expression of the energy-momentum tensor of the matter.
In Section III we give the Hamiltonian expression of the 4-Christoffel symbols and the
we find the Hamiltonian 4-Riemann radar tensor, which is equal to the 4-Riemann tensor
plus terms vanishing when we impose Einstein’s equations.
In Section IV we introduce a Hamiltonian set of null tetrads, which allows us to get the
Hamiltonian expression of the 4-Ricci scalars of the Newman-Penrose formalism.
Then there are some Conclusions and Appendix A containing the Hamiltonian expression
of the 3-Riemann and 3-Ricci tensors of the 3-spaces of the 3+1 splitting of the space-time.
II. ADM TETRAD GRAVITY IN THE YORK CANONICAL BASIS: THE KINE-
MATICAL BACKGROUND
In this Section we make a review of the formulation of canonical ADM tetrad gravity
in globally hyperbolic, topologically trivial, asymptotically Minkowskian space-times with-
out super-translations given in Refs. [12, 14–16]. These space-times must also be without
Killing symmetries, because, otherwise, at the Hamiltonian level one should introduce com-
plicated sets of extra Dirac constraints for each existing Killing vector. Moreover the spatial
3-metric must have three distinct eigenvalues to avoid degenerate cases which can eventually
be reached by adding the equality of two eigenvalues as first class constraints by hand. In
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this class of space-times the ten strong asymptotic ADM Poincare´ generators PAADM , J
AB
ADM
(they are fluxes through a 2-surface at spatial infinity) are well defined functionals of the
4-metric fixed by the boundary conditions at spatial infinity and of matter (when present).
These ten strong generators can be expressed in terms of the weak asymptotic ADM Poincare´
generators (integrals on the 3-space of suitable densities) plus first class constraints. The
absence of super-translations implies that the ADM 4-momentum is asymptotically orthog-
onal to the instantaneous 3-spaces (they tend to a Euclidean 3-space at spatial infinity).
As a consequence each 3-space of the global non-inertial frame is a non-inertial rest frame
of the 3-universe. At spatial infinity there are asymptotic inertial observers carrying a flat
tetrad whose spatial axes are identified by the fixed stars of star catalogues.
See Ref.[18] for a review of this approach to GR with a rich bibliography.
A. Tetrads and Cotetrads
Assume that the world-line xµ(τ) of an arbitrary time-like observer 4 carrying a standard
atomic clock is given: τ is an arbitrary monotonically increasing function of the proper
time of this clock. Then one gives an admissible 3+1 splitting of the asymptotically flat
space-time, namely a nice foliation with space-like instantaneous 3-spaces Στ . It is the
mathematical idealization of a protocol for clock synchronization: all the clocks in the
points of Στ sign the same time of the atomic clock of the observer. The observer and the
foliation define a global non-inertial reference frame after a choice of 4-coordinates. On each
3-space Στ one chooses curvilinear 3-coordinates σ
r having the observer as origin.
The quantities σA = (τ ; σr) are the Lorentz-scalar and observer-dependent radar 4-
coordinates, first introduced by Bondi [11].
If xµ 7→ σA(x) is the coordinate transformation from world 4-coordinates xµ having
the observer as origin to radar 4-coordinates, its inverse σA 7→ xµ = zµ(τ, σr) defines the
embedding functions zµ(τ, σr) describing the 3-spaces Στ as embedded 3-manifolds into the
asymptotically flat space-time.
Let zµAτ, σ
u) = ∂ zµ(τ, σu)/∂ σA denote the gradients of the embedding functions with
respect to the radar 4-coordinates. The space-like 4-vectors zµr (τ, σ
u) are tangent to Στ ,
so that the unit time-like normal lµ(τ, σu) is proportional to ǫµαβγ [z
α
1 z
β
2 z
γ
3 ](τ, σ
u) (ǫµαβγ is
the Levi-Civita tensor). Instead zµτ (τ, σ
u) is a time-like 4-vector skew with respect to the
3-spaces leaves of the foliation 5.
In GR the dynamical fields are the components 4gµν(x) of the 4-metric and not the
embeddings xµ = zµ(τ, σr) defining the admissible 3+1 splittings of space-time like in the
parametrized Minkowski theories of special relativity [9, 10]. Now the gradients zµA(τ, σ
r) of
the embeddings give the transition coefficients from radar to world 4-coordinates, so that
4 An observer, or better a mathematical observer, is an idealization of a measuring apparatus containing an
atomic clock and defining, by means of gyroscopes, a set of spatial axes (and then a, maybe orthonormal,
tetrad with a convention for its transport) in each point of the world-line.
5 In special relativity, see Refs. [8–10], one has zµτ (τ, σ
r) = [N lµ + N r zµr ](τ, σ
r) with N(τ, σr) =
ǫ [zµτ lµ](τ, σ
r) = 1 + n(τ, σr) > 0 and Nr(τ, σ
r) = −ǫ [zµτ ηµν zµr ](τ, σr) being the lapse and shift func-
tions respectively of the global non-inertial frame of Minkowski space-time so defined.
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the components 4gAB(τ, σ
r) = zµA(τ, σ
r) zνB(τ, σ
r) 4gµν(z(τ, σ
r)) of the 4-metric will be the
dynamical fields in the ADM action [1].
Let us remark that the ten quantities 4gAB(τ, σ
r) are 4-scalars of the space-time due to
the use of the Lorentz-scalar radar 4-coordinates. In each 3-space Στ considered as a 3-
manifold with 3-coordinates σr (and not as a 3-sub-manifold of the space-time) 4gτr(τ, σ
u)
is a 3-vector and 4grs(τ, σ
u) is a 3-tensor.
Therefore all the components of ”radar tensors”, i.e. tensors expressed in radar 4-
coordinates, are 4-scalars of the space-time.
The 4-metric 4gAB has signature ǫ (+ − −−) with ǫ = ± (the particle physics, ǫ = +,
and general relativity, ǫ = −, conventions). Flat indices (α), α = o, a, are raised and
lowered by the flat Minkowski metric 4η(α)(β) = ǫ (+ − −−). We define 4η(a)(b) = −ǫ δ(a)(b)
with a positive-definite Euclidean 3-metric. From now on we shall denote the curvilinear
3-coordinates σr with the notation ~σ for the sake of simplicity. Usually the convention of
sum over repeated indices is used, except when there are too many summations. The symbol
≈ means Dirac weak equality, while the symbol ◦= means evaluated by using the equations
of motion. For the curvature tensors we use the conventions of Misner-Thorne-Wheeler [19],
which has ǫ = −1, with a minus sign with respect to Wald [20].
We shall work with the tetrads 4EA(α)(τ, ~σ) and the cotetrads
4E
(α)
A (τ, ~σ) [7, 20] ((α) are
flat indices). To rebuild the original tetrads 4Eµ(α)(τ, ~σ) = z
µ
A(τ, ~σ)
4EA(α)(τ, ~σ) we must know
explicitly the embedding zµ(τ, ~σ) of the instantaneous 3-spaces, so to be able to evaluate
the transformation coefficients zµA(τ, ~σ).
Since the world-line of the time-like observer can be chosen as the origin of a set of the
spatial world coordinates, i.e. xµ(τ) = (xo(τ); 0), it turns out that with this choice the
space-like surfaces of constant coordinate time xo(τ) = const. coincide with the dynamical
instantaneous 3-spaces Στ with τ = const.. By using asymptotic flat tetrads ǫ
µ
A = δ
µ
o δ
τ
A +
δµi δ
i
A (with ǫ
A
µ denoting the inverse flat cotetrads) and by choosing a coordinate world time
xo(τ) = xoo + ǫ
o
τ τ = x
o
o + τ , one gets the following preferred embedding corresponding to
these given world 4-coordinates xµ = zµ(τ, ~σ) = xµ(τ) + ǫµr σ
r = δµo x
o
o + ǫ
µ
A σ
A. This choice
implies zµA(τ, ~σ) = ǫ
µ
A and
4gµν(x = z(τ, ~σ)) = ǫ
A
µ ǫ
B
ν
4gAB(τ, ~σ).
To take into account the coupling of fermions to the gravitational field metric gravity has
to be replaced with tetrad gravity. This can be achieved by decomposing the 4-metric on
cotetrad fields
4gAB(τ, ~σ) = E
(α)
A (τ, ~σ)
4η(α)(β) E
(β)
B (τ, ~σ), (2.1)
by putting this expression into the ADM action and by considering the resulting action, a
functional of the 16 fields E
(α)
A (τ, ~σ), as the action for ADM tetrad gravity.
This leads to an interpretation of gravity based on a congruence of time-like observers
endowed with orthonormal tetrads: in each point of space-time the time-like axis is the unit
4-velocity of the observer, while the spatial axes are a (gauge) convention for observer’s
gyroscopes. This framework was developed in Refs.[8, 19].
General tetrads 4EA(α)(τ, ~σ) and cotetrads
4E
(α)
A (τ, ~σ) are connected to the tetrads
4
◦
E
A
(β)
and cotetrads 4
◦
E
(β)
A adapted to the 3+1 splitting (the time-like tetrad is the unit normal l
A
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to Στ ; this choice corresponds to the so called Schwinger time gauges) by a point-dependent
standard Lorentz boost for time-like orbits with boost parameters ϕ(a)(τ, ~σ) acting on the
flat indices 6
4EA(α) =
4
◦
E
A
(β) L
(β)
(α)(ϕ(a)),
4E
(α)
A = L
(α)
(β)(ϕ(a))
4
◦
E
(β)
A ,
4gAB =
4E
(α)
A
4η(α)(β)
4E
(β)
B =
4
◦
E
(α)
A
4η(α)(β)
4
◦
E
(β)
B . (2.2)
The adapted tetrads and cotetrads have the expression
4
◦
E
A
(o) =
1
1 + n
(1;−n(a) 3er(a)) = lA, 4
◦
E
A
(a) = (0;
3er(a)),
4
◦
E
(o)
A = (1 + n) (1;~0) = ǫ lA,
4
◦
E
(a)
A = (n(a);
3e(a)r), (2.3)
where 3er(a) and
3e(a)r are triads and cotriads on Στ , N = 1+n > 0 is the lapse function and
n(a) = nr
3er(a) = n
r 3e(a)r
7 are adapted shift functions. Both n and n(a) are 4-scalars of the
space-time.
The adapted tetrads 4
◦
E
A
(a) are defined modulo SO(3) rotations
4
◦
E
A
(a) = R(a)(b)(α(e))
4
◦
E¯
A
(b),
3er(a) = R(a)(b)(α(e))
3e¯r(b), where α(a)(τ, ~σ) are three point-dependent Euler angles. After
having chosen an arbitrary point-dependent origin α(a)(τ, ~σ) = 0, we arrive at the following
adapted tetrads and cotetrads [n¯(a) =
∑
b n(b)R(b)(a)(α(e)) ]
4
◦
E¯
A
(o) =
4
◦
E
A
(o) =
1
1 + n
(1;−n¯(a) 3e¯r(a)) = lA, 4
◦
E¯
A
(a) = (0;
3e¯r(a)),
4
◦
E¯
(o)
A =
4
◦
E
(o)
A = (1 + n) (1;~0) = ǫ lA,
4
◦
E¯
(a)
A = (n¯(a);
3e¯(a)r), (2.4)
which we shall use as a reference standard.
Then Eqs.(2.2), namely
4EA(α) =
4
◦
E¯
A
(o) L
(o)
(α)(ϕ(c)) +
4
◦
E¯
A
(b)R
T
(b)(a)(α(c))L
(a)
(α)(ϕ(c)), (2.5)
6 As a consequence, the flat indices (a) of the adapted tetrads and cotetrads and of the triads and cotriads
on Στ transform as Wigner spin-1 indices under the point-dependent SO(3) Wigner rotations associated
with Lorentz transformations in the tangent plane to the space-time in the given point of Στ . Instead the
index (o) of the adapted tetrads and cotetrads is a local Lorentz scalar index.
7 Since we use the positive-definite 3-metric δ(a)(b), we shall use only lower flat spatial indices. Therefore
for the cotriads we use the notation 3e
(a)
r
def
= 3e(a)r with δ(a)(b) =
3er(a)
3e(b)r.
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show that every point-dependent Lorentz transformation Λ in the tangent planes may be
parametrized with the (Wigner) boost parameters ϕ(a) and the Euler angles α(a), being the
product Λ = RL of a rotation and a boost.
The future-oriented unit normal to Στ is
lA = ǫ (1 + n)
(
1; 0
)
, 4gAB lA lB = ǫ,
lA = ǫ (1 + n) 4gAτ =
1
1 + n
(
1; −nr
)
=
1
1 + n
(
1; −n¯(a) 3e¯r(a)
)
.
(2.6)
B. The 4-metric and the Canonical Variables.
The 4-metric has the following expression
4gττ = ǫ [(1 + n)
2 − 3grs nr ns] = ǫ [(1 + n)2 − n¯(a) n¯(a)],
4gτr = −ǫ nr = −ǫ n¯(a) 3e¯(a)r ,
4grs = −ǫ 3grs, 3grs = 3e¯(a)r 3e¯(a)s, 3grs = 3e¯r(a) 3e¯s(a),
4gττ =
ǫ
(1 + n)2
, 4gτr = −ǫ n
r
(1 + n)2
= −ǫ
3e¯r(a) n¯(a)
(1 + n)2
,
4grs = −ǫ (3grs − n
r ns
(1 + n)2
) = −ǫ 3e¯r(a) 3e¯s(b) (δ(a)(b) −
n¯(a) n¯(b)
(1 + n)2
),
3g = γ = (3e)2, 3e = det 3e¯(a)r ,
√
|4g| =
√
3g√
ǫ 4gττ
=
√
γ (1 + n) = 3e (1 + n).
(2.7)
The 3-metric 3grs has signature (+ ++), so that we may put all the flat 3-indices down.
We have 3gru 3gus = δ
r
s , ∂A
3grs = −3gru 3gsv ∂A 3guv. The shift functions nr are 3-vectors of
the 3-spaces Στ and 4-scalars (like n¯(a)) of the space-time.
The conditions for having an admissible 3+1 splitting of space-time are [9, 14]:
a) 1 + n(τ, ~σ) > 0 everywhere (the instantaneous 3-spaces never intersect each other);
b) ǫ 4gττ (τ, ~σ) > 0, i.e. (1 + n(τ, ~σ))
2 > [3grs nr ns](τ, ~σ) (the rotational velocity never
exceeds the velocity of light c, so that the coordinate singularity of the rotating disk named
”horizon problem” is avoided);
c) ǫ 4grr(τ, ~σ) = −3grr(τ, ~σ) < 0 (satisfied by the signature of 3grs),
[4grr
4gss − (4grs)2](τ, ~σ) > 0 and det ǫ 4grs(τ, ~σ) = −det 3grs(τ, ~σ) < 0 (satisfied by
the signature of 3grs) so that det
4gAB(τ, ~σ) < 0; these conditions imply that
3grs(τ, ~σ) has
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three definite positive eigenvalues λr(τ, ~σ) = Λ
2
r(τ, ~σ);
d) the space-time is asymptotically Minkowskian with the instantaneous 3-spaces or-
thogonal to the ADM 4-momentum at spatial infinity: they are non-inertial rest frames of
the 3-universe (isolated system), there is an asymptotic Minkowski background 4-metric and
there are asymptotic inertial observers whose spatial axes ǫµr are identified by the fixed stars.
As said in Ref.[12], in ADM canonical tetrad gravity the 16 configuration variables are:
the 3 boost variables ϕ(a)(τ, ~σ); the lapse and shift functions n(τ, ~σ) and n(a)(τ, ~σ); the
cotriads 3e(a)r(τ, ~σ). Their conjugate momenta are πϕ(a)(τ, ~σ), πn(τ, ~σ), πn(a)(τ, ~σ),
3πr(a)(τ, ~σ).
There are 14 first-class constraints: A) the 10 primary constraints πϕ(a)(τ, ~σ) ≈ 0, πn(τ, ~σ) ≈
0, πn(a)(τ, ~σ) ≈ 0 and the 3 rotation constraints M(a)(τ, ~σ) ≈ 0 implying the gauge nature of
the 3 Euler angles α(a)(τ, ~σ); B) the 4 secondary super-Hamiltonian and super-momentum
constraints H(τ, ~σ) ≈ 0, H(a)(τ, ~σ) ≈ 0. As a consequence there are 14 gauge variables (the
inertial effects) and two pairs of canonically conjugate physical degrees of freedom (the tidal
effects). At this stage the basis of canonical variables for this formulation of tetrad gravity,
naturally adapted to 7 of the 14 first-class constraints, is
ϕ(a) n n(a)
3e(a)r
πϕ(a) ≈ 0 πn ≈ 0 πn(a) ≈ 0 3πr(a)
(2.8)
From Eqs.(5.5) of Ref.[21] we assume the following (direction-independent, so to kill
super-translations) boundary conditions at spatial infinity (r =
√∑
r (σ
r)2; ǫ > 0;
M = const.): n(τ, ~σ) →r→∞ O(r−(2+ǫ)), πn(τ, ~σ) →r→∞ O(r−3), n(a)(τ, ~σ) →r→∞
O(r−ǫ), πn(a)(τ, ~σ) →r→∞ O(r−3), ϕ(a)(τ, ~σ) →r→∞ O(r−(1+ǫ)), πϕ(a)(τ, ~σ) →r→∞ O(r−2),
3e(a)r(τ, ~σ)→r→∞
(
1 + M
2r
)
δar +O(r
−3/2), 3πr(a)(τ, ~σ)→r→∞ O(r−5/2).
C. The York Canonical Basis.
In Ref.[12] we studied the following point canonical transformation (it is a Shanmugad-
hasan canonical transformation [3]) on the canonical variables (2.8), implementing the York
map of Refs.[13, 22] and identifying a canonical basis adapted to the 10 primary first-class
constraints . It leads to the following York canonical basis
ϕ(a) n n(a)
3e(a)r
πϕ(a) ≈ 0 πn ≈ 0 πn(a) ≈ 0 3πr(a)
−→ ϕ(a) α(a) n n¯(a) θ
r φ˜ Ra¯
πϕ(a) ≈ 0 π(α)(a) ≈ 0 πn ≈ 0 πn¯(a) ≈ 0 π(θ)r πφ˜ Πa¯
(2.9)
where 3e¯(a)r =
∑
b
3e(b)r R(b)(a)(α(e)) (with conjugate momenta
3π¯r(a)), n¯(a) =∑
b n(b)R(b)(a)(α(e)) are the cotriads and the shift functions at α(a)(τ, ~σ) = 0 after the ex-
traction of the rotation matrix R(a)(b)(α(e)(τ, ~σ)), see after Eq.(2.3). Due to the use of radar
4-coordinates all the canonical variables of the York basis are 4-scalars of the space-time,
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but they have different 3-tensorial behaviors inside the 3-spaces. θi and πφ˜ are the primary
inertial gauge variables, while n and n¯(a) are the secondary ones.
Since the 3-metric 3grs is a real symmetric 3 × 3 matrix, it may be diagonalized
with an orthogonal matrix V (θr), V −1 = V T (
∑
u Vua Vub = δab,
∑
a Vua Vva = δuv,∑
uv ǫwuv Vua Vvb =
∑
c ǫabc Vcw), det V = 1, depending on 3 Euler angles θ
r 8. The gauge Eu-
ler angles θr give a description of the 3-coordinate systems on Στ from a local point of view,
because they give the orientation of the tangents to the three 3-coordinate lines through
each point (their conjugate momenta are determined by the super-momentum constraints).
However it is more convenient to choose the three gauge parameters as first kind coordi-
nates θi(τ, ~σ) (−∞ < θi < +∞) on the O(3) group manifold, so that by definition we have
Ari(θ
n) θi = δri θ
i. In this case we have Vru(θ
i) =
(
e−
∑
i Tˆi θ
i
)
ru
, where (Tˆi)ru = ǫrui are the
generators of the o(3) Lie algebra in the adjoint representation, and the Euler angles may
be expressed as θˆi = f i(θn). Since the Cartan matrix has the form A(θn) = 1−e
−
∑
i Tˆi θ
i
∑
i Tˆi θ
i
,
we get the following expansions around θi = 0: Vru(θ
i) →θi→0 δru − ǫrui θi + O(θ2),
Aru(θ
i) →θi→0 δru − 12 ǫrui θi + O(θ2), Bru(θi) →θi→0 δru + 12 ǫrui θi +O(θ2).
In the York canonical basis we have (from now on we will use Vra for Vra(θ
n) to simplify
the notation)
3e(a)r =
∑
b
R(a)(b)(α(e))
3e¯(b)r,
3e¯(a)r = φ˜
1/3Qa Vra,
3er(a) =
∑
b
R(a)(b)(α(e))
3e¯r(b),
3e¯r(a) = φ˜
−1/3Q−1a Vra,
4gττ = ǫ
[
(1 + n)2 −
∑
a
n¯2(a)
]
,
4gτr = −ǫ
∑
a
n¯(a)
3e¯(a)r = −ǫ φ˜1/3
∑
a
Qa Vra n¯(a),
4grs = −ǫ 3grs = −ǫ
∑
uv
Vru λu δuv V
T
vs = −ǫ
∑
a
(
Vra Λ
a
)(
VsaΛ
a
)
=
= −ǫ
∑
a
3e¯(a)r
3e¯(a)s = −ǫ φ4 3gˆrs = −ǫ φ˜2/3
∑
a
Q2a Vra Vsa,
Λa =
∑
u
δau
√
λu = φ
2Qa = φ˜
1/3Qa, Qa = e
∑1,2
a¯ γa¯a Ra¯ = eΓ
(1)
a ,
∑
a
Γ(1)a = 0, Ra¯ =
∑
a
γa¯a Γ
(1)
a ,
φ˜ = φ6 =
√
γ =
√
det 3g = 3e¯ = Λ1 Λ2 Λ3,
3grs = φ˜−2/3
∑
a
Q−2a Vra Vsa,
8 Due to the positive signature of the 3-metric, we define the matrix V with the following indices: Vru.
Since the choice of Shanmugadhasan canonical bases breaks manifest covariance, we will use the notation
Vua =
∑
v Vuv δv(a) instead of Vu(a). We use the following types of indices: a = 1, 2, 3 and a¯ = 1, 2.
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4gττ =
ǫ
(1 + n)2
, 4gτr = −ǫ φ˜−1/3 Q
−1
a Vra n¯(a)
(1 + n)2
,
4grs = −ǫ φ˜−2/3Q−1a Q−1b Vra Vsb (δ(a)(b) −
n¯(a) n¯(b)
(1 + n)2
),
3πr(a) =
∑
b
R(a)(b)(α(e)) π¯
r
(b) =
∑
b
R(a)(b)(α(e)) φ˜
−1/3
[
VrbQ
−1
b (φ˜ πφ˜ +
∑
b¯
γb¯bΠb¯) +
+
l 6=b∑
l
∑
twi
Q−1l
Vrl ǫblt Vwt
QlQ
−1
b −QbQ−1l
Biw π
(θ)
i
]
,
π
(θ)
i = −
∑
lmrab
Aml(θ
n) ǫmir R(a)(b)(α(e))
3e¯(b)l
3π¯r(a),
πφ˜ =
c3
12πG
3K ≈ 1
3 3e
∑
rab
3π¯r(a)R(a)(b)(α(e))
3e¯(b)r,
Πa¯ =
∑
rab
γa¯b
3π¯r(a)R(a)(b)(α(e))
3e¯(b)r. (2.10)
The set of numerical parameters γa¯a satisfies [23]
∑
u γa¯u = 0,
∑
u γa¯u γb¯u = δa¯b¯,∑
a¯ γa¯u γa¯v = δuv − 13 . Each solution of these equations defines a different York canonical
basis. The new boundary conditions are Λa(τ, ~σ) =
(
φ˜1/3Qa
)
(τ, ~σ) →r→∞ 1 + M4r + aar3/2 +
O(r−3), φ˜(τ, ~σ) →r→∞ 1 + O(r−1), π(θ)i (τ, ~σ) →r→∞ O(r−4), π(α)(a) (τ, ~σ) →r→∞ O(r−5/2),
πφ˜(τ, ~σ) →r→∞ O(r−5/2). The angles α(a)(τ, ~σ) and θi(τ, ~σ) must tend to zero in a direction-
independent way at spatial infinity.
In Eq.(2.10) the quantity 3K(τ, ~σ) is the trace of the extrinsic curvature 3Krs(τ, ~σ) of the
instantaneous 3-spaces Στ . In the York canonical basis the extrinsic curvature
3Krs has the
following expression [12]
3Krs ≈ −4π G
c3
φ˜−1/3
(∑
a
Q2a Vra Vsa [2
∑
b¯
γb¯aΠb¯ − φ˜ πφ˜] +
+
∑
ab
QaQb (Vra Vsb + Vrb Vsa)
∑
twi
ǫabt VwtBiw π
(θ)
i
QbQ−1a −QaQ−1b
)
=
= φ˜2/3
[4πG
c3
∑
a
Q2a Vra Vsa
(
πφ˜ − 2 φ˜−1
∑
a¯
γa¯aΠa¯
)
+
+
a6=b∑
ab
σ(a)(b) QaQb Vra Vsb
]
. (2.11)
In the last line we introduced the expansion θ = −ǫ 3K and the spatial compo-
nents of the cotetrad-adapted shear σ(a)(b) = σAB
4
◦
E¯
A
(a)
4
◦
E¯
B
(b) of the Eulerian observers
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9 (see Refs.[14, 24] for more details). The components of the shear are σ(a)(b)|a6=b =
−8π G
c3
φ˜−1
∑
tw
ǫabt Vwt
QbQ
−1
a −QaQ
−1
b
∑
i Biw π
(θ)
i and σ(a)(a) = −8π Gc3 φ˜−1
∑
a¯ γa¯aΠa¯ (
∑
a σ(a)(a) =
0).
α(a)(τ, ~σ) and ϕ(a)(τ, ~σ) are the 6 configuration variables parametrizing the O(3,1) gauge
freedom in the choice of the tetrads in the tangent plane to each point of Στ and describe
the arbitrariness in the choice of a tetrad to be associated to a time-like observer, whose
world-line goes through the point (τ, ~σ). They fix the unit 4-velocity of the observer and the
conventions for the orientation of gyroscopes and their transport along the world-line of the
observer.
The York time 3K(τ, ~σ) is the only gauge variable among the momenta: this is a reflex
of the Lorentz signature of space-time, because πφ˜(τ, ~σ) and θ
n(τ, ~σ) can be used as a set
of 4-coordinates [7]. Its conjugate variable, to be determined by the super-Hamiltonian
constraint, is φ˜(τ, ~σ) = φ6(τ, ~σ) = 3e¯(τ, ~σ), which is the 3-volume density on Στ : VR =∫
R
d3σ φ6(τ, ~σ), R ⊂ Στ . Since we have 3grs(τ, ~σ) = [φ˜2/3 3gˆrs](τ, ~σ) with det 3gˆrs(τ, ~σ) = 1,
φ˜(τ, ~σ) is also called the conformal factor of the 3-metric.
The two pairs of canonical variables Ra¯(τ, ~σ), Πa¯(τ, ~σ) = − c38πG φ˜(τ, ~σ)
∑
a γa¯a σ(a)(a)(τ, ~σ),
a¯ = 1, 2, describe the generalized tidal effects, namely the independent degrees of freedom of
the gravitational field. In particular the configuration tidal variables Ra¯ depend only on the
eigenvalues of the 3-metric. They are DO only with respect to the gauge transformations
generated by 10 of the 14 first class constraints. Let us remark that, if we fix completely
the gauge and we go to Dirac brackets, then the only surviving dynamical variables Ra¯ and
Πa¯ become two pairs of non canonical DO for that gauge.
The gauge variables θi(τ, ~σ), n(τ, ~σ), n¯(a)(τ, ~σ) describe inertial effects, which are the
the relativistic counterpart of the non-relativistic ones (the centrifugal, Coriolis,... forces
in Newton mechanics in accelerated frames) and which are present also in the non-inertial
frames of Minkowski space-time [9]. The unknowns in the super-momentum constraints are
the momenta π
(θ)
i =
c3
8πG
φ˜
∑
ab ǫiabQaQ
−1
b σ(a)(b)|a6=b; however, it is more convenient to solve
these constraints in the shear components σ(a)(b)|a6=b.
In the following we shall work in the Schwinger time gauge ϕ(a)(τ, ~σ) ≈ 0 (tetrads adapted
to the 3+1 splitting) and α(a)(τ, ~σ) ≈ 0 (arbitrary choice of an origin for rotations), where
3e(a)r(τ, ~σ) ≈ 3e¯(a)r(τ, ~σ).
D. The 3-Geometry of the 3-Spaces
In the 3-space Στ the 3-Christoffel symbols have the following expression [14]
9 The surface-forming congruence of the Eulerian observers is defined by using the unit normal to the 3-
spaces of Eq.(2.6) as 4-velocity field. One has θ = 4∇A lAθ = 4∇A lA and σAB = σBA = − ǫ2 (3aA lB +
3aB lA) +
ǫ
2 (
4∇A lB + 4∇B lA)− 13 θ 3hAB, where 3hAB = 4gAB − ǫ lA lB is the projector onto the 3-space
and 3a = lB 4∇A lB is the acceleration of the Eulerian observers.
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3Γruv =
1
2
3grs
(
∂u
3gvs + ∂v
3gus − ∂s 3guv
)
=
=
1
3
(δru φ˜
−1 ∂v φ˜+ δrv φ˜
−1 ∂u φ˜)− 1
3
∑
abs
Q2b Q
−2
a Vra Vsa Vub Vvb φ˜
−1 ∂s φ˜+
+
∑
a¯a
γa¯a Vra
(
Vua ∂v Ra¯ + Vva ∂uRa¯
)
−
∑
a¯abs
γa¯bQ
2
b Q
−2
a Vra Vsa Vub Vvb ∂sRa¯ +
+
1
2
∑
a
Vra
(
∂u Vva + ∂v Vua
)
+
+
1
2
∑
abs
Q−2a Q
2
b Vra Vsa
[
Vub
(
∂v Vsb − ∂s Vvb
)
+ Vvb
(
∂u Vsb − ∂s Vub
)]
,
∑
v
3Γvuv = φ˜
−1 ∂u φ˜, (2.12)
Eqs.(2.11) and (2.12) imply
3Krs|u = ∂u
3Krs − 3Γvru 3Kvs − 3Γvsu 3Krv =
=
2
3
(φ˜−1∂uφ˜)
3Krs − 3Γvru3Kvs − 3Γvsu3Krv +
+
[4πG
c3
∑
a
Q2a
(
2(∂uΓa)VraVsa(πφ˜ − 2φ˜−1
∑
a¯
γa¯aΠa¯) +
+ VraVsa
[
∂uπφ˜ − 2φ˜−1
∑
a¯
γa¯a((φ˜
−1∂uφ˜)Πa¯ − ∂uΠa¯)
]
+
+ ∂u(VraVsa(πφ˜ − 2φ˜−1
∑
a¯
γa¯aΠa¯))
)
+
+
a6=b∑
ab
QaQbVraVsb
(
σ(a)(b) + σ(a)(b)∂u(Γa + Γb)
)
+
a6=b∑
ab
σ(a)(b)QaQb∂u(VraVsa)
]
(2.13)
The quantity 3Krs|u will be needed for the Hamiltonian expression of the Riemann tensor.
See Appendix A for the lengthy Hamiltonian expression of the 3-Riemann and 3-Ricci
tensors in the York basis.
E. The First Half of Hamilton Equations
In the York canonical basis the Dirac Hamiltonian is
HD =
1
c
EˆADM +
∫
d3σ
[
nH− n¯(a) H¯(a)
]
(τ, σu) + λr(τ) Pˆ
r
ADM +
+
∫
d3σ
[
λn πn + λn¯(a) πn¯(a) + λϕ(a) πϕ(a) + λα(a) π
(α)
(a)
]
(τ, σu), (2.14)
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with the weak ADM energy EˆADM given in Eqs. (3.45) and (B8) of Ref.[14], where Eqs.
(3.42) and (3.44) give the super-momentum and super-Hamiltonian constraints respectively.
The λ’s are arbitrary Dirac multipliers: at the Hamiltonian level they replace those
Lagrangian velocities which are arbitrary due to the gauge freedom. The Dirac multiplier
λr(τ) implements the rest frame condition Pˆ
r
ADM ≈ 0.
With this Hamiltonian one gets the Hamilton equations (see Ref.[14] for their explicit
form), whose content is equivalent to Einstein’s equations. These equations are divided in
five groups:
A) The contracted Bianchi identities, namely the evolution equations for the solutions
φ˜(τ, ~σ) and π
(θ)
i (τ, ~σ) of the super-Hamiltonian and super-momentum constraints: they are
identities saying that, given a solution of the constraints on a Cauchy surface, it remains a
solution also at later times.
B) The evolution equation for the four primary inertial gauge variables θi(τ, ~σ) and
3K(τ, ~σ) (the equation for the York time is the Raychaudhuri equation): these equations
determine the lapse and the shift functions (the secondary inertial gauge variables) once
four gauge-fixings for the primary gauge variables are given.
C) The equations ∂τ n(τ, ~σ)
◦
=λn(τ, ~σ) and ∂τ n¯(a)(τ, ~σ)
◦
=λn¯(a)(τ, ~σ). Once the lapse and
shift functions of the chosen gauge have been found, they determine the associated Dirac
multipliers.
D) The hyperbolic evolution partial differential equations (PDE) for the tidal variables
Ra¯(τ, ~σ), Πa¯(τ, ~σ).
E) The Hamilton equations for matter, when present.
Given a solution of the super-momentum and super-Hamiltonian constraints and the
Cauchy data for the tidal variables on an initial 3-space after having fixed the gauge, one
can find a solution of Einstein’s equations in radar 4-coordinates adapted to a time-like
observer in the chosen gauge.
To find the Hamiltonian expression of the 4-Christoffel symbols and of the 4-Riemann
tensor we only need the velocities ∂τ
4gAB, namely only the following three equations, be-
longing to the first half of Hamilton equations (the kinematical ones; the equation for the
3-metric can also be obtained from Eq.(2.11) for the extrinsic curvature) are
∂τ n(τ, ~σ)
◦
= λn(τ, ~σ),
∂τ n¯(a)(τ, ~σ)
◦
= λn¯(a)(τ, ~σ),
∂τ
3grs(τ, ~σ) =
(
φ˜2/3
∑
a
Q2a
[
2 (
1
3
φ˜−1 ∂τ φ˜+ ∂τ Γ
(1)
a ) Vra Vsa + ∂τ (Vra Vsa)
])
(τ, ~σ).
(2.15)
F. Einstein Equations
The 4-Ricci tensor is determined by Einstein equations (G is the Newton constant and
the energy-momentum tensor is defined as TAB = − 2√
|det4g|
δS
δ 4gAB
)
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4GAB = 4RAB − 1
2
4gAB 4R
◦
=
8 πG
c3
TAB,
⇓
EAB
def
= 4RAB − 8 πG
c3
TˆAB
◦
=0, TˆAB = TAB − 1
2
4gAB T, T =
4gAB TAB. (2.16)
As shown in Refs.[14, 24] the Hamiltonian version of the matter energy-momentum tensor
TAB(τ, ~σ) (depending upon the 4-metric 4gAB(τ, ~σ)) in radar 4-coordinates on Στ has:
1) T ττ = M3e (1+n)2 depending upon the matter mass-energy density M(τ, ~σ);
2) T τr = 13e (1+n)2
3e¯r(a)
[
(1+n) 3e¯s(a)Ms−n¯(a)M
]
depending upon the matter mass-energy
density and upon the matter 3-momentum density Mr(τ, ~σ);
3) T rs with a form depending upon the given matter.
The tetradic components of the energy-momentum tensor in the adapted basis (2.4) are
T(α)(β) =
4
◦
E¯
A
(α)
4
◦
E¯
B
(β) TAB,
T(o)(o) =
1
(1 + n)2
[
Tττ − 2 φ˜−1/3Q−1a n¯(a) Tτr Vra +
+ φ˜−2/3Q−1a Q
−1
b n¯(a) n¯(b) Trs Vra Vsb
]
,
T(o)(a) =
φ˜−1/3
1 + n
Q−1a Vra
(
Tτr − φ˜−1/3Q−1b n¯(b) Trs Vsb
)
,
T(a)(b) = φ˜
−2/3Q−1a Q
−1
b Vra Trs Vsb ,
Trs = φ˜
2/3Q1aQ
1
b Vra Vsb T(a)(b),
Tτr = φ˜
1/3Qa Vra
(
(1 + n) T(o)(a) + T(a)(b) n¯(b)
)
,
Tττ = (1 + n)
2 T(o)(o) + 2 (1 + n) T(o)(a) n¯(b) +
+ T(a)(b) n¯(a)n¯(b). (2.17)
Therefore the 4-Ricci tensor can be written in the following form:
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4Rττ = Eττ +
8 πG
c3
[(
1 +
n¯(c) n¯(c)
(1 + n)2
) Tττ
2
−
−
(
1− n¯(c) n¯(c)
(1 + n)2
)(
φ˜−1/3 n¯(a)Q
−1
a Vra Tτr +
+ φ˜−2/3 ((1 + n)2 δ(a)(b))Q
−1
a Q
−1
b Vra Vsb
Trs
2
)]
,
4Rτr = Eτr +
8 πG
c3
[(
1− n¯(c) n¯(c)
(1 + n)2
)
Tτr −
+ φ˜1/3
n¯(c)Qc Vrc
2 (1 + n)2
(
Tττ − φ˜−2 ((1 + n)2 δ(a)(b) −
− n¯(a) n¯(b))Q−1a Q−1b Vau Vvb Tuv
)]
,
4Rrs = Ers +
8 πG
c3
[ φ˜2/3 ∑c Q2c Vrc Vsc
2 (1 + n)2
(
Tττ −
− 2 φ˜−1/3 n¯(a)Q−1a Vua Tτu
)
+
(
δur δ
v
s −
∑
c Q
2
c Vrc Vsc
2 (1 + n)2
((1 + n)2 δ(a)(b) −
− n¯(a) n¯(b))Q−1a Q−1b Vua Vvb
)
Tuv
]
,
4R = 4gAB EAB − 8 πG
c3
ǫ
(1 + n)2
[
Tττ − 2 φ˜−1/3 n¯(a)Q−1a Vra Tτr −
− 9 φ˜−2/3 ((1 + n)2 δ(a)(b) − n¯(a) n¯(b))Q−1a Q−1b Vra Vsb Trs
]
. (2.18)
Einstein’s equations are not independent:
i) Four of them are the secondary super-hamiltonian and super-momentum constraints [from
Eqs.(2.3) we have lA = 1
1+n
(
1;−n¯(a) 3e¯r(a)
)
]
4Gll =
4GAB l
A lB =
1
(1 + n)2
[4Gττ − 2 4Gτr nr + 4Grs nr ns] ◦=
◦
=
8 πG
c3
Tll =
8 πG
c3
lA lB TAB =
=
8 πG
c3 (1 + n)2
[
Tττ − 2 φ˜−1/3 n¯(a)Q−1a Vra Tτr +
+ φ˜−2/3 n¯(a) n¯(b)Q
−1
a Q
−1
b Vra Vsb Trs
]
,
0
◦
= 4Gll − 8 πG
c3
Tll = ǫ φ˜
−1 8 πG
c3
H ≈ 0,
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4Glr =
4GAB l
A 3hBr =
4GAr l
A =
ǫ
1 + n
[4Gτr − 4Grs ns] ◦=
◦
=
8 πG
c3
lA TAr =
8 πG
c3 (1 + n)
[
Tτr − φ˜−1/3 n¯(a)Q−1a Vsa Trs
]
,
0
◦
= 4Glr − 8 πG
c3
Tlr = −ǫ 8 πG
c3
φ˜2/3
∑
c
Q2c Vrc VscHs ≈ 0.
(2.19)
ii) Four of them are not independent from the others due to the contracted Bianchi identities
(Noether identities implying ⇒ 4∇A TAB ◦= 0) generated by the time-conservation of the
super-hamiltonian and super-momentum constraints
0 ≡ 4∇A 4GAB = ∂A 4GAB + 4ΓAAC 4GCB + 4ΓBAC 4GAC . (2.20)
At the Hamiltonian level in the York canonical basis the four contracted Bianchi iden-
tities become the Hamilton equations for φ˜ and π
(θ)
i , i.e. for the unknowns in the super-
Hamiltonian and super-momentum constraints.
As a consequence of Eqs.(2.19), Eqs.(2.20) imply that only two of the six components of
4Rrs are independent and give rise to genuine second order equations of motion.
III. THE HAMILTONIAN EXPRESSION OF THE 4-RIEMANN TENSOR
In this Section we use the material of the previous Section to find the Hamiltonian
expression of the 4-Christoffel symbols and of the 4-Rienmann tensor.
A. The 4-Christoffel Symbols
After these preliminaries we can evaluate explicitly the 4-Christoffel symbols by using
Eqs.(2.7)
4ΓABC =
1
2
4gAE
(
∂B
4gCE + ∂C
4gBE − ∂E 4gBC
)
=
=
1
2
4gτA
(
∂B
4gτC + ∂C
4gτB − ∂τ 4gBC
)
+
+
1
2
4gAu
(
∂B
4gCu + ∂C
4gBu − ∂u 4gBC
)
(3.1)
By using the third of Eqs.(2.15) we get the following expressions
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4Γτττ =
1
2
[
4gττ ∂τ
4gττ +
4gτu (2 ∂τ
4gτu − ∂u 4gττ )
]
=
=
1
1 + n
[
∂τn + n¯(a)e¯
r
(a)∂rn− n¯(a)n¯(b)e¯r(a)e¯s(b)Krs
]
=
=
1
1 + n
{
∂τn+
∑
a,r
φ˜−1/3Q−1a Vran¯(a)∂rn−
∑
ab,rs
Q−1a Q
−1
b VraVsbn¯(a)n¯(b) ×
×
[4πG
c3
∑
c
Q2cVrcVsc
(
πφ˜ − 2φ˜−1
∑
a¯
γa¯cΠa¯
)
+
∑
c 6=d
σ(c)(d)QcQdVrcVsd
]}
4Γττr =
1
2
[
4gττ ∂r
4gττ +
4gτs (∂τ
4grs + ∂r
4gτs − ∂s 4gτr)
]
=
=
1
1 + n
(
∂rn−Krs e¯s(a)n¯(a)
)
=
=
1
1 + n
{
∂rn+
∑
a,s
φ˜1/3Q−1a Vsa ×
×
[4πG
c3
∑
c
Q2cVrcVsc
(
πφ˜ − 2φ˜−1
∑
a¯
γa¯cΠa¯
)
+
∑
c 6=d
σ(c)(d)QcQdVrcVsd
]}
4Γτrs =
1
2
[
4gττ (∂r
4gτs + ∂s
4gτr − ∂τ 4grs) +
+ 4gτu (∂r
4gsu + ∂s
4gru − ∂u 4grs)
]
=
= − 1
1 + n
3Krs =
= − φ˜
2/3
1 + n
[4πG
c3
∑
a
Q2a Vra Vsa
(
πφ˜ − 2 φ˜−1
∑
a¯
γa¯aΠa¯
)
+
+
a6=b∑
ab
σ(a)(b) QaQb Vra Vsb
]
,
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4Γuττ =
1
2
[
4gτu ∂τ
4gττ +
4guv (2 ∂τ
4gτv − ∂v 4gττ )
]
=
=
∑
a
φ˜−1/3Q−1a Vua
{
n¯(a)(1 + n)∂τn− n¯(a)n¯(b)∂τ n¯(b) +
∑
bc,rs
n¯(a)n¯(b)n¯(c)
1 + n
Q−1b Q
−1
c VrbVsc ×
×
[4πG
c3
∑
d
Q2d Vrd Vsd
(
πφ˜ − 2 φ˜−1
∑
a¯
γa¯aΠa¯
)
+
d6=e∑
de
σ(d)(e)QdQe Vrd Vse
]
+
+
∑
b,r
[
(1 + n)φ˜−1/3Q−1b Vrb
(
δ(a)(b) − n¯(a)n¯(b)
(1 + n)2
)
∂rn
− n¯(b)
2
(
Q−1a Vra∂rn¯(b) +Q
−1
a Vrb∂rn¯(a)
)]
+
+
∑
b,s
n¯(a)n¯(b)φ˜
−1/3Q−1b Vsb
(1
3
φ˜−1∂sφ˜+Q
−1
a ∂sQa
)
−
−
∑
b,s
n¯2(b)φ˜
−1/3Q−1a Vsa
(1
3
φ˜−1∂sφ˜+Q
−1
b ∂sQb
)
+
+
∑
bc,rs
n¯(b)n¯(c)φ˜
−1/3Q−1a Q
−1
b QcVraVsb
(
∂sVrc − ∂rVsc
)}
4Γuτr =
1
2
[
4gτu ∂r
4gττ +
4guv (∂τ
4grv + ∂r
4gτv − ∂v 4gτr)
]
=
= φ˜−1/3
∑
a
Q−1a Vua
[
− n¯(a) ∂r n
1 + n
− φ˜1/3 (1 + n)
∑
b
(δ(a)(b) − n¯(a) n¯(b)
(1 + n)2
)×
(∑
c 6=b
Qc Vrc σ(c)(b) +
4π G
c3
Qb Vrb (πφ˜ − 2 φ˜−1
∑
a¯
γa¯bΠa¯)
)
−
− 1
2
∑
bv
n¯(b)
(
Q−1a Qb Vva (∂r Vvb − ∂v Vrb)−Q−1b Qa Vvb (∂r Vva − ∂v Vra)
)
+
+
1
2
∑
bcvs
n¯(b)Q
−1
a Q
−1
b Q
2
c Vrc Vva Vsb (∂v Vsc − ∂s Vvc) +
∑
b,s
VsaVraQ
−1
a Qb∂sn¯(b)
]
,
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4Γurs =
1
2
[
4gτu (∂r
4gτs + ∂s
4gτr − ∂τ 4grs) + 4guv (∂r 4gsv + ∂s 4grv − ∂v 4grs)
]
=
= 3Γurs +
n¯(a)
1 + n
3e¯u(a)
3Krs =
= 3Γurs + φ˜
1/3
∑
c
Q−1c Vuc
n¯(c)
1 + n
[4π G
c3
∑
a
Q2a Vra Vsa
(
πφ˜ − 2 φ˜−1
∑
a¯
γa¯aΠa¯
)
+
+
a6=b∑
ab
σ(a)(b) QaQb Vra Vsb
]
. (3.2)
4Γτττ and
4Γuττ depend on the arbitrary velocities ∂τ n and ∂τ n¯(a) of Eqs.(2.14), which are
gauge-dependent quantities determined only after a gauge fixing.
B. The 4-Riemann and 4-Ricci Tensors
See Refs. [19, 20] for the symmetries and the Bianchi identities satisfied by the 4-Riemann
tensor and for the derivation of the Gauss, Codazzi-Mainardi and Ricci equations. We only
rewrite them in our 3+1 splitting of the space-time in radar 4-coordinates.
The radar 4-Riemann tensor with 4-scalar components, i.e. the 4-Riemann tensor in
adapted radar coordinates is (to simplify some formulas we use the notation nr for nr =
n¯(a)
3e¯(a)r = φ˜
1/3 n¯(a)Qa Vra)
4RABCD = ∂C
4ΓABD − ∂D 4ΓABC + 4ΓEBD 4ΓACE − 4ΓEBC 4ΓADE,
4RABCD =
4gAE
4REBCD =
4gAE
(
∂C
4ΓEBD − ∂D 4ΓEBC + 4ΓFBD 4ΓECF − 4ΓFBC 4ΓEDF
)
=
= −1
2
(
∂A ∂C
4gBD + ∂B ∂D
4gAC − ∂A ∂D 4gBC − ∂B ∂C 4gAD
)
+
+ 4gEF
(
4ΓEAD
4ΓFBC − 4ΓEAC 4ΓFBD
)
=
= −1
2
(
∂A ∂C
4gBD + ∂B ∂D
4gAC − ∂A ∂D 4gBC − ∂B ∂C 4gAD
)
+
+ ǫ
(
[(1 + n)2 − n¯(a) n¯(a)]
[
4ΓτAD
4ΓτBC − 4ΓτAC 4ΓτBD
]
− 3guv
[
4ΓuAD
4ΓvBC − 4ΓuAC 4ΓvBD
]
−
− nu
[
4ΓτAD
4ΓuBC +
4ΓuAD
4ΓτBC − 4ΓτAC 4ΓuBD − 4ΓuAC 4ΓτBD
])
=
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= −1
2
(
∂A ∂C
4gBD + ∂B ∂D
4gAC − ∂A ∂D 4gBC − ∂B ∂C 4gAD
)
+
+ ǫ
(
4ΓτAD
[
((1 + n)2 − n¯(a) n¯(a)) 4ΓτBC − nu 4ΓuBC
]
−
− 4ΓτAC
[
((1 + n)2 − n¯(a) n¯(a)) 4ΓτBD − nu 4ΓuBD
]
−
− 4ΓuAD (3guv 4ΓvBC + nu 4ΓτBC) + 4ΓuAC (3guv 4ΓvBD + nu 4ΓτBD)
)
,
lA 4RABCD =
1
1 + n
(
4RτBCD − ns 4RsBCD
)
,
lA 4RAruv = ǫ
(
3Kru|v − 3Krv|u
)
, (CODAZZI −MAINARDIEQUATION),
(3.3)
The radar 4-Ricci tensor (SAB is the trace-free Ricci tensor) and the 4-curvature scalar
(Λ = 4R/24 is the Newman-Penrose notation [17]) are
4RAB =
4RBA =
4gEF 4REAFB = ∂C
4ΓCAB − ∂B 4ΓCAC + 4ΓCCD 4ΓDAB − 4ΓCBD 4ΓDCA,
4R = 4gAB 4RAB = 24Λ,
4SAB =
4RAB − 1
4
4gAB
4R,
4Rττ =
4gEF 4REτFτ =
4grs 4Rτrτs =
= −ǫ φ˜−2/3Q−1a Q−1b Vra Vsb (δab −
n¯(a) n¯(b)
(1 + n)2
)4Rτrτs = Eττ +
8πG
c3
Tˆττ ,
4Rτr =
4gEF 4REτFr = −4gτs 4Rτrτs − 4guv 4Rτurv =
= ǫ φ˜−1/3Q−1a Vua
[ n¯(a)
(1 + n)2
4Rτrτu + φ˜
−1/3Q−1b Vvb (δab −
n¯(a) n¯(b)
(1 + n)2
) 4Rτurv
]
=
= Eτr +
8πG
c3
Tˆτr,
4Rrs =
4gEF 4RErFs =
= ǫ
[ 1
(1 + n)2
4Rτrτs − φ˜−1/3 Q
−1
a Vua n¯(a)
(1 + n)2
(4Rτrus +
4Rτsur)−
− φ˜−2/3Q−1a Q−1b Vua Vvb (δab −
n¯(a) n¯(b)
(1 + n)2
) 4Rrusv
]
= Ers +
8πG
c3
Tˆrs,
4R = 4gττ 4Rττ + 2
4gτr 4Rτr +
4grs 4Rrs =
= ǫ
[ 1
(1 + n)2
4Rττ − 2 φ˜−1/3 Q
−1
a Vra n¯(a)
(1 + n)2
4Rτr −
− φ˜−2/3Q−1a Q−1b Vra Vsb (δab −
n¯(a) n¯(b)
(1 + n)2
) 4Rrs
]
= 4gAB EAB − 8πG
c3
T. (3.4)
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The components of the radar 4-Riemann tensor are
4Rrsuv = − ǫ
2
(
∂r ∂v
3gsu + ∂s ∂u
3grv − ∂r ∂u 3gsv − ∂s ∂v 3gru
)
−
− ǫ
[
((1 + n)2 − n¯(a) n¯(a))
(
4Γτru
4Γτsv − 4Γτrv 4Γτsu
)
+ 3ghk
(
4Γhrv
4Γksu − 4Γhru 4Γksv
)
+
+ nh
(
4Γτrv
4Γhsu +
4Γτsu
4Γhrv − 4Γτru 4Γhsv − 4Γτsv 4Γhru
)]
=
= −ǫ
(
3Rrsuv +
3Krv
3Ksu − 3Kru 3Ksv
)
= (GAUSS EQUATION)
def
= W¯rsuv = −W¯sruv = −W¯rsvu = W¯uvrs,
4Rτruv = − ǫ
2
(
∂r ∂u nv + ∂v ∂τ
3gru − ∂r ∂v nu − ∂u ∂τ 3grv
)
−
− ǫ
[
((1 + n)2 − n¯(a) n¯(a))
(
4Γττu
4Γτrv − 4Γττv 4Γτru
)
+ 3ghk
(
4Γkru
4Γhτv − 4Γkrv 4Γhτu
)
+
+ nh
(
4Γτru
4Γhτv +
4Γττv
4Γhru − 4Γτrv 4Γhτu − 4Γττu 4Γhrv
)]
=
= (1 + n) lA 4RAruv + n
s 4Rsruv =
= ǫ
[
(1 + n)
(
3Kru|v − 3Krv|u
)
+ φ˜−1/3Q−1a Vsa n¯(a)
(
3Rrsuv +
3Krv
3Ksu − 3Kru 3Ksv
)]
=
def
= W¯τruv = −W¯τrvu,
4Rτrτs = − ǫ
2
(
∂r ∂s [(1 + n)
2 − n¯(a) n¯(a)]− ∂2τ 3grs + ∂r ∂τ ns + ∂s ∂τ nr
)
−
− ǫ
[
((1 + n)2 − n¯(a) n¯(a))
(
4Γτττ
4Γτrs − 4Γττr 4Γττs
)
+ 3ghk
(
4Γhτr
4Γkτs − 4Γhττ 4Γkrs
)
+
+ nh
(
4Γττr
4Γhτs +
4Γττs
4Γhτr − 4Γτττ 4Γhrs − 4Γτrs 4Γhττ
)]
. (3.5)
To get the Hamiltonian expression of 4Rrsuv and of
4Rτruv we must use Eq.(2.11) for
3Krs,
Eqs. (A2) for 3Rrsuv, Eq.(2.12) for
3Γurs and Eq.(2.13) for
3Krs|u = ∂u
3Krs − 3Γvru 3Kvs −
3Γvsu
3Krv. These quantities do not depend on the first two arbitrary velocities of Eq.(2.15).
The first of Eqs.(3.5) is the Gauss equation, while the second one is a combination of the
Codazzi-Mainardi equation with the Gauss one. As a consequence W¯rsuv and W¯τruv are well
defined Hamiltonian functions.
The third equation is the analogue of the Ricci equation in radar 4-coordinates: it cannot
be expressed in terms of the canonical variables without using the equations of motion (the
dynamical second half of Hamilton equations) because it contains ∂2τ
3grs besides the τ -
derivatives of the lapse and shift functions (both explicitly in the first line and implicitly
inside the 4-Christoffel symbols 4Γτττ and
4Γuττ given in Eqs.(3.2)) given in the first two of
Eqs.(2.15).
However Eq.(3.4) implies
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4Rτrτs =
(
4Rτrus +
4Rτsur
)
nu + 4Rrusv
(
(1 + n)2 3guv − nu nv
)
+ ǫ (1 + n)2 4Rrs =
= ǫ
[
φ˜−1/3 (1 + n)
(
2 3Krs|u − 3Kur|s − 3Kus|r
)
Q−1a Vua n¯(a) +
+ (1 + n)2
(
3Rrs + φ˜
−2/3Q−2a Vua Vva
3Kru
3Kvs − 3K 3Krs
)
+
+ φ˜−2/3
(
3Rruvs +
3Krs
3Kuv − 3Kru 3Ksv
)
Q−1a Q
−1
b Vua Vvb n¯(a) n¯(b)
]
+ ǫ (1 + n)2 4Rrs =
def
= W¯τrτs + ǫ (1 + n)
2 4Rrs =
= W¯τrτs + ǫ (1 + n)
2
[
Ers +
8πG
c3
Tˆrs
]
,
⇓
W¯τrτs = (W¯τrus + W¯τsur)n
u + W¯rusv ((1 + n)
2 3guv − nu nv) =
= ǫ
[
φ˜−1/3 (1 + n)Q−1a Vua n¯(a)
(
2 3Krs|u − 3Kur|s − 3Kus|r
)
+
+ (1 + n)2
(
3Rrs + φ˜
−2/3Q−2a Vua Vva
3Krv
3Ksu − 3K 3Krs
)
+
+ φ˜−2/3Q−1a Q
−1
b Vua Vvb n¯(a) n¯(b)
(
3Rruvs +
3Krs
3Kuv − 3Kru 3Ksv
)]
,
4Rττ = −ǫ
(
3grs − n
r ns
(1 + n)2
)
W¯τrτs −
(
(1 + n)2 3grs − nr ns
)
4Rrs =
= Eττ +
8πG
c3
Tˆττ ,
4Rτr = ǫ
[
W¯τrτs
ns
(1 + n)2
+
(
3guv − n
u nv
(1 + n)2
)
W¯τurv
]
+ 4Rrs n
s =
= Eτr +
8πG
c3
Tˆτr,
4R = − 1
(1 + n)2
[(
3guv +
nu nv
(1 + n)2
)
W¯τuτv + 2n
r
(
3guv − n
u nv
(1 + n)2
)
W¯τurv
]
− 2ǫ 3grs 4Rrs =
= 4gAB EAB +
4πG
c3
T.
(3.6)
As a consequence the 4-scalar radar quantities W¯τrτs
def
= 4Rτrτs − ǫ (1 + n)2 4Rrs,
W¯τruv
def
= 4Rτruv and W¯rsuv
def
= 4Rrsuv are expressible in terms of the canonical variables.
While Eqs.(3.5) imply that W¯τruv and W¯rsuv have the same symmetries of
4Rτruv and
4Rrsuv, respectively, W¯τrτs has not the symmetries of
4Rτrτs except W¯τrτs = W¯τsτr.
Therefore we can introduce a Hamiltonian radar tensor W¯ABCD
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W¯ABCD = 4RABCD − δτA δrB δτC δsD ǫ (1 + n)2Ers ◦=4RABCD,
W¯rsuv = W¯rsuv, W¯τruv = W¯τruv,
W¯τrτs = W¯τrτs + ǫ 8πG
c3
(1 + n)2 Tˆrs, (3.7)
which becomes the radar 4-Riemann tensor ”on-shell”, namely by using Einstein’s equations.
In conclusion the 20 independent components of the radar 4-Riemann tensor 4RABCD are
expressible in terms of the canonical quantities W¯ABCD and of
4Rrs, which has the following
expression due to Eq.(2.18)
4Rrs = Ers +
8πG
c3
Tˆrs = Ers +
8 πG
c3
[
Trs − ǫ
2
φ˜2/3
∑
c
Q2c Vrc Vsc T
]
◦
=
◦
=
8 πG
c3
[
Trs − ǫ
2
φ˜2/3
∑
c
Q2c Vrc Vsc T
]
. (3.8)
Einstein’s equations (2.19) imply:
1
2
(3grs +
nr ns
(1 + n)2
) W¯τrτs + n
r 3guv W¯τurv ≈
≈ −ǫ 8 πG
c3
[
Tττ − 2nr Tτr + nr ns Trs
]
,
W¯τrτs
ns
(1 + n)2
+ (3guv − n
u nv
(1 + n)2
) W¯τurv ≈
≈ ǫ 8 πG
c3 (1 + n)
[
Tτr − ns Trs
]
. (3.9)
As a consequence 4 of the 6 components of W¯τrτs are weakly determined from the other
W¯ ’s and from the matter energy-momentum tensor.
IV. NULL TETRADS AND THE 4-RICCI SCALARS OF THE NEWMAN-
PENROSE APPROACH
In this Section we introduce a set of Hamiltonian null tetrads suggested by the framework
of ADM tetrad gravity. They are the natural tools to get a Hamiltonian formulation of the
Newman-Penrose formalism [17]. Here we give the Hamiltonian expression of the 4-Ricci
scalars as sums of terms in the Hamiltonian energy-momentum tensor of matter plus terms
vanishing with Einstein’s equations.
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A. Null Tetrads.
Given the 3+1 splitting of the space-time and the reference adapted tetrads (2.4), we see
that the canonical formalism automatically identifies the following unit time-like vector lA
and unit space-like vector N¯A
lA = 4
◦
E¯
A
(o) =
1
1 + n
(
1; −n¯(a) 3e¯r(a)
)
, 4gAB l
A lB = ǫ,
N¯A = ˆ¯n(a) 4
◦
E¯
A
(a) =
(
0; ˆ¯n(a)
3e¯r(a)
)
, 4gAB N¯A N¯B = −ǫ,
ˆ¯n(a) =
n¯(a)√∑
c n¯
2
(c)
,
∑
a
ˆ¯n
2
(a) = 1,
lA = ǫ
4
◦
E¯
(o)
A = ǫ (1 + n)
(
1; 0
)
,
N¯A = −ǫ
(√∑
c
n¯2(c); ˆ¯n(a)
3e¯(a)r
)
. (4.1)
Given the shift unit 3-vector ˆ¯n(a) in the Euclidean 3-space with flat indices (a), we can
define the following basis of three unit vectors (R is an arbitrary rotation matrix identifying
the ”3” axis)
δ(a)(b) = ˆ¯n(a) ˆ¯n(b) + ˆ¯ǫ(1)(a) ˆ¯ǫ(1)(b) + ˆ¯ǫ(1)(a) ˆ¯ǫ(1)(b),
∑
a
ˆ¯ǫ
2
(1)(a) =
∑
a
ˆ¯ǫ
2
(2)(a) = 1,
∑
(a)
ˆ¯n(a) ˆ¯ǫ(1,2)(a) = 0,
∑
a
ˆ¯ǫ(1)(a) ˆ¯ǫ(2)(a) = 0,
ˆ¯n(a) = ( R

 00
1

 )(a),
ˆ¯ǫ(1)(a) = ( R

 10
0

 )(a) = 1√
1− ˆ¯n2(3)


ˆ¯n(1) ˆ¯n(3)
ˆ¯n(2) ˆ¯n(3)
−[1 − ˆ¯n2(3)]

 =
=
1√
(n¯2(1) + n¯
2
(2))
∑
c n¯
2
(c)

 n¯(1) n¯(3)n¯(2) n¯(3)
−n¯2(1) − n¯2(2)

 ,
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ˆ¯ǫ(2)(a) = ( R

 01
0

 )(a) = 1√
1− ˆ¯n2(3)

 −ˆ¯n(2)ˆ¯n(1)
0

 = 1√
n¯2(1) + n¯
2
(2)

 −n¯(2)n¯(1)
0

 ,
(4.2)
and then we can replace ˆ¯ǫ(1)(a) and ˆ¯ǫ(2)(a) with a circular basis
ˆ¯ǫ(±)(a) =
1√
2
(ˆ¯ǫ(1)(a) ± i ˆ¯ǫ(2)(a)) = 1√
2
√
1− ˆ¯n2(3)


ˆ¯n(1) ˆ¯n(3) ∓ i ˆ¯n(2)
ˆ¯n(2) ˆ¯n(3) ± i ˆ¯n(1)
−[1 − ˆ¯n2(3)]

 ,
∑
a
ˆ¯n(a) ˆ¯ǫ(±)(a) = 0,
∑
a
ˆ¯ǫ(±)(a) ˆ¯ǫ(±)(a) = 0,
∑
a
ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(a) = 1,
δ(a)(b) = ˆ¯n(a) ˆ¯n(b) + ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(b) + ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(b). (4.3)
Therefore, in each point of every instantaneous 3-space Στ there is a spatial direction
identified by the shift functions n¯(a), i.e. by the gauge variables describing gravitomagnetism
10.
As a consequence, in the canonical formalism we can identify the following null tetrads
(3e¯r(a) = φ˜
−1/3Q−1a Vra)
LA =
1√
2
[lA − N¯A] = 1√
2
( 1
1 + n
; −(1 +
√∑
c n¯
2
(c)
1 + n
) ˆ¯n(a)
3e¯r(a)
)
,
KA =
1√
2
[lA + N¯A] = 1√
2
( 1
1 + n
; (1−
√∑
c n¯
2
(c)
1 + n
) ˆ¯n(a)
3e¯r(a)
)
,
Kτ = Lτ ,
10 If there exist gauges (in particular coordinate systems) in which the vector field N¯A(τ, ~σ) ∂A =
(ˆ¯n(a)
3e¯r(a))(τ, ~σ) ∂r is surface-forming (i.e. it has zero vorticity), then in these gauges each Στ would
be foliated with 2-surfaces having N¯ (τ, ~σ) as unit 3-normal and the 3+1 splitting would become a (2+1)
+ 1 = 2 + 2 splitting [25, 26]. Since the surface-forming condition is d[N¯A(τ, ~σ) dσA] = 0 (this 1-form
must be closed), we have that these gauges exist if there are solutions to the equations ˆ¯n(a)
3e¯(a)r = ∂r f
and
√∑
a n¯
2
(a) = ∂τ f , whose integrability conditions are ∂τ (ˆ¯n(a)
3e¯(a)r) = ∂r
√∑
a n¯
2
(a). If these gauges
exist, then the two space-like directions orthogonal to N¯ (τ, ~σ) (tangent to the 2-surfaces) must be con-
nected with the two physical degrees of freedom of the gravitational field in the sense of Ref. [27]. This
topic is now under investigation [28].
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MA = EA(+) =
(
0; ˆ¯ǫ(+)(a)
3e¯r(a)
)
= ˆ¯ǫ(+)(a)
4
◦
E¯
A
(a),
M∗A = EA(−) =
(
0; ˆ¯ǫ(−)(a)
3e¯r(a)
)
= ˆ¯ǫ(−)(a)
4
◦
E¯
A
(a),
ǫ 4gAB = LAKB + LBKA − (MAM∗B +MB M∗A),
0 = 4gAB LA LB =
4gABKAKB =
4gAB LAMB =
4gABKAMB =
4gABMAMB,
4gAB LAKB = ǫ,
4gABMAM
∗
B = −ǫ, (4.4)
whose covariant form is (3e¯r(a) = φ˜
1/3Qa Vra)
LA =
1√
2
(
lA − N¯A
)
=
ǫ√
2
(
1 + n+
√∑
c
n¯2(c); ˆ¯n(a)
3e¯(a)r
)
,
KA =
1√
2
(
lA + N¯A
)
=
ǫ√
2
(
1 + n−
√∑
c
n¯2(c); −ˆ¯n(a) 3e¯(a)r
)
,
MA = −ǫ
(
0; ˆ¯ǫ(+)(a)
3e¯(a)r
)
,
M∗A = −ǫ
(
0; ˆ¯ǫ(−)(a)
3e¯(a)r
)
. (4.5)
This is a canonical realization of a set of Newman-Penrose null tetrads [17].
Since Eqs.(2.5) and (4.3) imply
4EA(α) =
[
L(o)(α)(ϕ(e))
]
lA +
[
ˆ¯n(a)R
T
(a)(b)(α(e))L
(b)
(α)(ϕ(e))
]
N¯ +
+
[
ˆ¯ǫ(−)(a) R
T
(a)(b)(α(e))L
(b)
(α)(ϕ(e))
]
MA +
[
ˆ¯ǫ(+)(a) R
T
(a)(b)(α(e))L
(b)
(α)(ϕ(e))
]
M∗A,
(4.6)
we see that any other set of null tetrads (built from arbitrary tetrads 4EA(α)) is connected with
the null basis (4.4) by Lorentz transformations in the tangent planes with gauge parameters
α(a) and ϕ(a). The Newman-Penrose Lorentz gauge freedom of the boost, spin and two null
rotations [17] may be re-expressed in terms of these parameters.
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B. The Ricci Scalars and Einstein’s Equations
With the null tetrads (4.5) we can replace the energy-momentum tensor TˆAB = TAB −
1
2
4gAB T of Eq.(2.16) with the following energy-momentum scalars
T00 = 1
2
TˆAB K
AKB =
1
2
TABK
AKB =
=
1
2
(
T(o)(o) + 2 T(o)(a) nˆ(a) + T(a)(b) nˆ(a) nˆ(b)
)
,
T01 = 1
2
TˆAB K
AMB =
1
2
TAB K
AMB =
=
1√
2
ǫˆ(+)(a)
(
T(o)(a) + T(a)(b) nˆ(b)
)
,
T02 = 1
2
TˆAB M
AMB =
1
2
TABM
AMB =
=
1
2
ǫˆ(+)(a) ǫˆ(−)(b) T(a)(b),
T11 = 1
4
TˆAB (K
A LB +MaM∗B) =
1
4
TAB (K
A LB +MAM∗B) =
=
1
2
(
T(o)(o) + (2 ǫˆ(+)(a) ǫˆ(−)(b) − nˆ(a) nˆ(b)) T(a)(b)
)
,
T12 = 1
2
TˆAB L
AMB =
1
2
TAB L
AMB =
=
1√
2
ǫˆ(+)(a)
(
T(o)(a) − T(a)(b) nˆ(b)
)
,
T22 = 1
2
TˆAB L
A LB =
1
2
TAB L
A LB =
=
1
2
(
T(o)(o) − 2 T(o)(a) nˆ(a) + T(a)(b) nˆ(a) nˆ(b)
)
,
T = ǫ
4
4gAB TˆAB = − ǫ
4
T,
TAB = 2
[
Too LA LB + T22KAKB + 2 T11 (LAKB + LBKA)−
− To1 (LAM∗B + LBM∗A)− T ∗o1 (LAMB + LB MA)−
− T12 (KAM∗B +KB M∗A)− T ∗12 (KAMB +KBMA) +
+ To2M∗AM∗B + T ∗o2MAMB
]
+ (T11 + T ) (MAM∗B +MBM∗A),
TˆAB = TAB − 1
2
4gAB T = TAB + 2 [LAKB + LB KA − (MAM∗B +M∗AMB)] T .
(4.7)
The null tetrads (4.5) allow us to get the following expressions for the 9 Ricci scalars
(Φ01, Φ02 and Φ12 are complex numbers) and the curvature scalar (
4R = 24Λ) replacing the
10 components of the 4-Ricci tensor in the Newman-Penrose formalism [17]
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Φ00 =
1
2
4RAB K
AKB =
4πG
c3
T00 + 1
2
E00 ◦= 4π G
c3
Too,
Φ01 =
1
2
4RAB K
AMB =
4π G
c3
T01 + 1
2
E01 ◦= 4πG
c3
T01,
Φ02 =
1
2
4RAB M
AMB =
4πG
c3
T02 + 1
2
E02 ◦= 4πG
c3
T02,
Φ11 =
1
4
4RAB (K
A LB +MAM∗B) =
2πG
c3
T11 + 1
4
E11 ◦=2π G
c3
T11,
Φ12 =
1
2
4RAB L
AMB =
4πG
c3
T12 + 1
2
E12 ◦= 4πG
c3
T12,
Φ22 =
1
2
4RAB L
A LB =
4πG
c3
T22 + 1
2
E22 ◦= 4πG
c3
T22,
6 ǫΛ =
ǫ
4
4R =
1
2
4RAB (K
A LB −MAM∗B) = −ǫ
(2πG
c3
T + 1
4
E
)
◦
= − ǫ 2π G
c3
T ,
(4.8)
In Eqs.(4.8) we introduced the following notation for Einstein’s equations (2.16)
E00 = 1
2
EABK
AKB = Φ00 − 8πG
c3
T00 ◦=0,
E01 = 1
2
EABK
AMB = Φ01 − 8πG
c3
T01 ◦=0,
E02 = 1
2
EABM
AMB = Φ02 − 8πG
c3
T02 ◦=0,
E11 = 1
4
EAB (K
A LB +MAM∗B) = Φ11 − 8πG
c3
T11 ◦=0,
E12 = 1
2
EAB L
AMB = Φ12 − 8πG
c3
T12 ◦=0,
E22 = 1
2
EAB L
A LB = Φ22 − 8πG
c3
T22 ◦=0,
E = ǫ
4
4gAB EAB = 6 ǫΛ− 8πG
c3
T ◦=0,
EAB = 2
[
Eoo LA LB + E22KAKB + 2 E11 (LAKB + LB KA)−
− Eo1 (LAM∗B + LB M∗A)− E∗o1 (LAMB + LBMA)−
− E12 (KAM∗B +KBM∗A)− E∗12 (KAMB +KBMA) +
+ Eo2M∗AM∗B + E∗o2MAMB
]
+ (E11 + E) (MAM∗B +MBM∗A).
(4.9)
The combinations (2.19) of Einstein equations corresponding to the Hamiltonian super-
Hamiltonian and super-momentum constraints now can be written in the following form
(3e¯r(a) = φ˜
−1/3Q−1a Vra)
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Φ00 + Φ22 + 2Φ11 − 6 ǫΛ ≈
≈ 8πG
c3 (1 + n)2
[
Tττ − 2 Tτr 3e¯r(a) n¯(a) + Trs 3e¯r(a) 3e¯s(b) n¯(a) n¯(b)
]
,
Φ00 − Φ22 ≈ ǫ 8πG
c3 (1 + n)
ˆ¯n(a)
3e¯r(a)
[
Tτr − Trs 3e¯s(b) n¯(b)
]
,
Φ01 − Φ12 ≈ ǫ 4
√
2π G
c3 (1 + n)
ˆ¯ǫ(+)(a)
3e¯r(a)
[
Tτr − Trs 3e¯s(b) n¯(b)
]
,
Φ∗01 − Φ∗12 ≈ ǫ
4
√
2π G
c3 (1 + n)
ˆ¯ǫ(−)(a)
3e¯r(a)
[
Tτr − Trs 3e¯s(b) n¯(b)
]
. (4.10)
We have the following inversion formulas
4RAB = 2Φ00 LA LB + 2Φ22KAKB + 2Φ02M
∗
AM
∗
B + 2Φ
∗
02MAMB −
− 2Φ01 (LAM∗B + LB M∗A)− 2Φ∗01 (LAMB + LB MA)−
− 2Φ12 (KAM∗B +KBM∗A)− 2Φ∗12 (KAMB +KBMA) +
+ 2Φ11 (LAKB + LB KA +MAM
∗
B +MB M
∗
A) +
+ 6 ǫΛ [LAKB + LBKA − (MAM∗B +MB M∗A)],
4Rττ = (1 + n+
√∑
c
n¯2(c) )
2Φ00 + (1 + n−
√∑
c
n¯2(c) )
2Φ22 +
+ 2 [(1 + n)2 − n¯(a) n¯(a)] (Φ11 + 3 ǫΛ),
4Rτr = φ˜
−1/3Q−1a Vra
[
ˆ¯n(a)
(
(1 + n +
√∑
c
n¯2(c) ) Φ00 − (1 + n−
√∑
c
n¯2(c) ) Φ22 −
− 2
√∑
c
n¯2(c) (Φ11 + 3 ǫΛ)
)
+
+
√
2
(
(1 + n+
√∑
c
n¯2(c) ) Φ
∗
01 − (1 + n−
√∑
c
n¯2(c) ) Φ
∗
12
)
ˆ¯ǫ(+)(a) +
+
√
2
(
(1 + n+
√∑
c
n¯2(c) ) Φ01 − (1 + n−
√∑
c
n¯2(c) ) Φ12
)
ˆ¯ǫ(−)(a)
]
,
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4Rrs = φ˜
2/3QaQb Vra Vsb
[
ˆ¯n(a) ˆ¯n(b) (Φ00 + Φ22) +
+ 2 ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(b) Φ02 + 2 ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(b) Φ
∗
02 +
+
√
2 (ˆ¯n(a) ˆ¯ǫ(−)(b) + ˆ¯n(b) ˆ¯ǫ(−)(a)) (Φ01 − Φ12) +
+
√
2 (ˆ¯n(a) ˆ¯ǫ(+)(b) + ˆ¯n(b) ˆ¯ǫ(+)(a)) (Φ
∗
01 − Φ∗12)−
− 2 (ˆ¯n(a) ˆ¯n(b) − ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(b) − ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(a)) Φ11 −
− 6 ǫ δ(a)(b) Λ
]
. (4.11)
The first of Eqs.(3.6) can now be written in the following form
4Rτrτs = W¯τrτs + ǫ (1 + n)
2 φ˜2/3QaQb Vra Vsb
[
ˆ¯n(a) ˆ¯n(b) (Φ00 + Φ22) +
+ 2 ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(b) Φ02 + 2 ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(b) Φ
∗
02 +
+
√
2 (ˆ¯n(a) ˆ¯ǫ(−)(b) + ˆ¯n(b) ˆ¯ǫ(−)(a)) (Φ01 − Φ12) +
+
√
2 (ˆ¯n(a) ˆ¯ǫ(+)(b) + ˆ¯n(b) ˆ¯ǫ(+)(a)) (Φ
∗
01 − Φ∗12)−
− 2 (ˆ¯n(a) ˆ¯n(b) − ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(b) − ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(a)) Φ11 −
− 6 ǫ δ(a)(b) Λ
]
, (4.12)
and it can be written in terms of the null tetrad expressions of the energy-momentum tensor
and of Einstein’s equations by using Eq.(4.8).
V. CONCLUSIONS
We have found that in the framework of canonical ADM tetrad gravity in the York
canonical basis there is a Hamiltonian radar tensor, which coincides with the 4-Riemann
tensor on the solutions of Einstein’s equations. Therefore ”on-shell” there is a Hamiltonian
4-Riemann radar tensor, whose components are 4-scalars of the space-time due to the use
of radar 4-coordinates.
Moreover, the 3+1 splitting of the space-time used to define the phase space allows us to
introduce Hamiltonian null tetrads. This opens the way to get a Hamiltonian formulation of
the Newman-Penrose formalism. We have given the 4-Ricci scalars as the sum of Einstein’s
equations and of terms depending on the Hamiltonian expression of the energy-momentum
tensor of the matter.
In the second paper these results will be used to get the Hamiltonian expression of the
4-Weyl tensor, of the 4-Weyl scalars and of the four 4-Weyl eigenvalues. Moreover we will
discuss the problem of the determination of the DO’s and BO’s of the gravitational field.
The Weyl eigenvalues will be shown to be neither DO’s nor BO’s, but only the 4-scalars
needed to give a physical identification as point-events of the mathematical points of the
space-time 4-manifold [7].
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Appendix A: The 3-Riemann and 3-Ricci Tensors in the York Canonical Basis
The 3-Riemann and 3-Ricci tensors sare
3Rrsuv = ∂u
3Γrsv − ∂v 3Γrsu + 3Γhsv 3Γrhu − 3Γhsu 3Γrhv,
3Rrsuv =
1
2
(
∂r ∂u
3gsv + ∂s ∂v
3gru − ∂r ∂v 3gsu − ∂s ∂u 3grv
)
+
+ 3ghk
(
3Γhrv
3Γksu − 3Γhru 3Γksv
)
,
3Rrs =
3guv 3Rurvs,
3R = 3grs 3Rrs,
3Rrsuv =
1
2
φ˜2/3Q2a{ 2
3
[(
∂r (φ˜
−1 ∂u φ˜) Vsa − ∂s (φ˜−1 ∂u φ˜) Vra
)
Vva +
+
(
∂s (φ˜
−1 ∂v φ˜) Vra − ∂r (φ˜−1 ∂v φ˜) Vsa
)
Vua
]
+
+ 2
(
(∂r ∂u Γ
(1)
a Vsa − ∂s ∂u Γ(1)a Vra) Vva + (∂s ∂v Γ(1)a Vra − ∂r ∂v Γ(1)a Vsa) Vua
)
+
+ 4
[
(
1
3
φ˜−1 ∂r φ˜+ ∂r Γ
(1)
a ) Vsa − (
1
3
φ˜−1 ∂s φ˜+ ∂s Γ
(1)
a ) Vra
]
[
(
1
3
φ˜−1 ∂u φ˜+ ∂u Γ
(1)
a ) Vva − (
1
3
φ˜−1 ∂v φ˜+ ∂v Γ
(1)
a ) Vua
]
+
+ 2
[
(
1
3
φ˜−1 ∂r φ˜+ ∂r Γ
(1)
a )
(
∂u (Vsa Vva)− ∂v (Vsa Vua)
)
+
+ (
1
3
φ˜−1 ∂s φ˜+ ∂s Γ
(1)
a )
(
∂v (Vra Vua)− ∂u (Vra Vva)
)
+
+ (
1
3
φ˜−1 ∂u φ˜+ ∂u Γ
(1)
a )
(
∂r (Vsa Vva)− ∂s (Vra Vva)
)
+
+ (
1
3
φ˜−1 ∂v φ˜+ ∂v Γ
(1)
a )
(
∂s (Vra Vua)− ∂r (Vsa Vua)
)]
+
+ ∂r ∂u (Vsa Vva)− ∂r ∂v (Vsa Vua) + ∂s ∂v (Vra Vua)− ∂s ∂u (Vra Vva)−
− 1
9
[
(Vra φ˜
−1 ∂v φ˜+ Vva φ˜
−1 ∂r φ˜) (Vsa φ˜
−1 ∂u φ˜+ Vua φ˜
−1 ∂s φ˜) +
+ Q2b Q
2
dQ
−4
a Vrb Vvb Vsd Vud Vta Vwa φ˜
−1 ∂t φ˜ φ˜
−1 ∂w φ˜−
− Q2b Q−2a Vta φ˜−1 ∂t φ˜
(
Vsb Vub (Vra φ˜
−1 ∂v φ˜+ Vva φ˜
−1 ∂r φ˜) +
+ Vrb Vvb (Vsa φ˜
−1 ∂u φ˜+ Vua φ˜
−1 ∂s φ˜)
)]
−
− 1
3
[
(Vra φ˜
−1 ∂v φ˜+ Vva φ˜
−1 ∂r φ˜)∑
a¯
[γa¯a (Vsa ∂uRa¯ + Vua ∂sRa¯)− γa¯bQ2b Q−2a Vsb Vub Vta ∂tRa¯] +
32
+ (Vsa φ˜
−1 ∂u φ˜+ Vua φ˜
−1 ∂s φ˜)∑
a¯
[γa¯a (Vra ∂v Ra¯ + Vva ∂r Ra¯)− γa¯bQ2b Q−2a Vrb Vvb Vta ∂tRa¯]−
− Q2b Q−2a Vta φ˜−1 ∂t φ˜
∑
a¯
γa¯a
[Vrb Vvb (Vsa ∂uRa¯ + Vua ∂sRa¯) + Vsb Vub (Vra ∂v Ra¯ + Vva ∂r Ra¯)]−
− Q2b Q2dQ−4a
∑
a¯
γa¯b [Vsb Vub Vrd Vvd + Vrb Vvb Vsd Vud]Vta Vwa φ˜
−1 ∂t φ˜ ∂w Ra¯
]
−
−
∑
a¯b¯
[
γa¯a (Vra ∂v Ra¯ + Vva ∂r Ra¯)− γa¯bQ2b Q−2a Vrb Vvb Vta ∂tRa¯
]
[
γb¯a (Vsa ∂uRb¯ + Vua ∂sRb¯)− γb¯dQ2dQ−2a Vsd Vud Vwa ∂w Rb¯
]
−
− 1
6
[
[Vra φ˜
−1 ∂v φ˜+ Vva φ˜
−1 ∂r φ˜−Q2b Q−2a Vrb Vvb Vta φ˜−1 ∂t φ˜][
∂s Vua + ∂u Vsa +Q
2
dQ
−2
a Vwa [Vsd (∂u Vwd − ∂w Vud) + Vud (∂s Vwd − ∂w Vsd)]
]
+
+ [Vsa φ˜
−1 ∂u φ˜+ Vua φ˜
−1 ∂s φ˜−Q2b Q−2a Vsb Vub Vta φ˜−1 ∂t φ˜][
∂r Vva + ∂v Vra +Q
2
dQ
−2
a Vwa [Vrd (∂v Vwd − ∂w Vvd) + Vvd (∂r Vwd − ∂w Vrd)]
]]
−
− 1
2
∑
a¯
[
[γa¯a (Vra ∂v Ra¯ + Vva ∂r Ra¯)− γa¯bQ2b Q−2a Vrb Vvb Vta ∂tRa¯][
∂s Vua + ∂u Vsa +Q
2
dQ
−2
a Vwa [Vsd (∂u Vwd − ∂w Vud) + Vud (∂s Vwd − ∂w Vsd)]
]
+
+ [γa¯a (Vsa ∂uRa¯ + Vua ∂sRa¯)− γa¯bQ2b Q−2a Vsb Vub Vta ∂tRa¯][
∂r Vva + ∂v Vra +Q
2
dQ
−2
a Vwa [Vrd (∂v Vwd − ∂w Vvd) + Vvd (∂r Vwd − ∂w Vrd)]
]]
−
− 1
4
[
∂r Vva + ∂v Vra +Q
2
b Q
−2
a Vta [Vrb (∂v Vtb − ∂t Vvb) + Vvb (∂r Vtb − ∂t Vrb)]
]
[
∂s Vua + ∂u Vsa +Q
2
dQ
−2
a Vwa [Vsd (∂u Vwd − ∂w Vud) + Vud (∂s Vwd − ∂w Vsd)]
]}
,
3Rsv = −ǫ
∑
acd
Q2a
Q2cQ
2
d
(
δ(c)(d) −
n¯(c)n¯(d)
(1 + n)2
) 1
2{2
3
[(
Vrc∂r(φ˜
−1∂uφ˜)Vsa − ∂s(φ˜−1∂uφ˜)δac
)
VvaVud +
+
(
∂s(φ˜
−1∂vφ˜)δac − Vrc∂r(φ˜−1∂vφ˜)Vsa
)
δad
]
+
+2
(
(Vrc∂r∂uΓ
(1)
a Vsa − ∂s∂uΓ(1)a δac)VvaVud + (∂s∂vΓ(1)a δac − Vrc∂r∂vΓ(1)a Vsa)δadVud
)
+
33
+4
[(1
3
φ˜−1∂rφ˜+ ∂rΓa
)
VrcVsa −
(1
3
φ˜−1∂sφ˜+ ∂sΓ
(1)
a
)
δac
]
[(1
3
φ˜−1∂uφ˜+ ∂uΓ
(1)
a
)
VvaVud −
(1
3
φ˜−1∂vφ˜+ ∂vΓ
(1)
a
)
δac
]
+
+2VrcVvd
[(1
3
φ˜−1∂rφ˜+ ∂rΓ
(1)
a
)(
∂u(VsaVva)− ∂v(VsaVua)
)
+
+
(1
3
φ˜−1∂sφ˜+ ∂sΓ
(1)
a
)(
∂v(VraVua − ∂u(VraVva)
)
+
+
(1
3
φ˜−1∂uφ˜+ ∂uΓ
(1)
a
)(
∂r(VsaVva)− ∂s(VraVva)
)
+
+
(1
3
φ˜−1∂vφ˜+ ∂vΓ
(1)
a
)(
∂s(VraVua)− ∂r(VvaVua)
)]
+
+VrcVud
[
∂r∂u(VsaVva)− ∂r∂v(VsaVua) + ∂s∂v(VraVua)− ∂s∂u(VraVva)
]
−
− 1
9
[(
δac(φ˜
−1∂vφ˜) + VrcVva(φ˜
−1∂rφ˜)
)(
VsaVud(φ˜
−1∂uφ˜) + δad(φ˜
−1∂sφ˜)
)
+
+
Q2cQ
2
d
Q4a
VvcVsdVtaVwa(φ˜
−1∂tφ˜)(φ˜
−1∂wφ˜) +
− Q
2
b
Q2a
Vta(φ˜
−1∂tφ˜)
(
VsbVub(Vraφ˜
−1∂vφ˜+ Vvaφ˜
−1∂rφ˜) + VrbVvb(Vsaφ˜
−1∂uφ˜+ Vuaφ˜
−1∂sφ˜)
)]
− 1
3
[(
δac(φ˜
−1∂vφ˜) + Vva(φ˜
−1∂rφ˜)Vrc
)
[VsaVud∂uΓ
(1)
a + δad∂sΓ
(1)
a −
Q2d
Q2a
VsdVta∂tΓ
(1)
a ] +
+
(
VsaVud(φ˜
−1∂uφ˜) + δad(φ˜
−1∂sφ˜)
)
[δac∂vΓ
(1)
a + VvaVrc∂rΓ
(1)
a −
Q2c
Q2a
VvcVta∂tΓ
(1)
a ] +
−Q
2
b
Q2a
Vta(φ˜
−1∂tφ˜)[δcb(VudVsa∂uΓ
(1)
a + δda∂sΓ
(1)
a ) + δdb(δac∂vΓ
(1)
a + VudVva∂rΓ
(1)
a )] +
−Q
2
cQ
2
d
Q4a
2
(
(VsdVvc)VtaVwa(φ˜
−1∂tφ˜)∂wΓ
(1)
a
)]
+
−
[
δac∂vΓ
(1)
a + VvaVrc∂rΓ
(1)
a −
Q2c
Q2a
VvcVta∂tΓ
(1)
a
][
VsaVud∂uΓ
(1)
a + δad∂sΓ
(1)
a −
Q2d
Q2a
VdsVwa∂wΓ
(1)
d
]
+
− 1
6
[[
δac
(
φ˜−1∂vφ˜
)
+ VvaVrc(φ˜
−1∂rφ˜)− Q
2
c
Q2a
VvcVta
(
φ˜−1∂tφ˜
)]
[
Vud∂sVua + Vud∂uVsa +
Q2e
Q2a
Vwa[VudVse(∂uVwd − ∂wVue) + δde(∂sVwe − ∂wVse)]
]
+
34
+
[
VsaVud
(
φ˜−1∂uφ˜
)
+ δad
(
φ˜−1∂sφ˜
)
− Q
2
d
Q2a
VsdVta
(
φ˜−1∂tφ˜
)]
[
Vrc∂rVva + Vrc∂vVra +
Q2e
Q2a
Vwa[δce(∂vVwe − ∂wVve) + VrcVve(∂rVwe − ∂wVre)]
]]
− 1
2
[[
δca∂vΓ
(1)
a + VudVrc∂rΓ
(1)
a −
Q2c
Q2a
VvcVta∂tΓ
(1)
c
]
[
Vud∂sVua + Vud∂uVsa +
Q2e
Q2a
VudVwa[Vse(∂uVwe − ∂wVue) + δde(∂sVwe − ∂wVse)]
]
+
+
[
VudVsa∂uΓ
(1)
a + δda∂sΓ
(1)
a −
Q2d
Q2a
VsdVta∂tΓ
(1)
d
]
[
Vrc∂rVva + Vrc∂vVra +
Q2e
Q2a
Vwa[δce(∂vVwe − ∂wVve) + VrcVve(∂rVwe − ∂wVre)]
]]
+
− 1
4
VrcVud
[
∂rVva + ∂vVra +
Q2e
Q2a
Vta[Vre(∂vVte − ∂tVve) + Vve(∂rVte − ∂tVre)]
]
[
∂sVua + ∂uVsa +
Q2f
Q2a
Vwa[Vsf(∂uVwf − ∂wVuf) + Vuf(∂sVwf − ∂wVsf)]
]}
3R =
1
2
φ˜−2/3
∑
a
Q2a
∑
cd
Q−2c Q
−2
d
(
δ(c)(d) − n¯(c)n¯(d)
(1 + n)2
)∑
ef
Q−2e Q
−2
f
(
δ(e)(f) − n¯(e)n¯(f)
(1 + n)2
)
{ 2
3
[
Vrcδae
(
∂r(φ˜
−1∂uφ˜)δafVud − ∂r(φ˜−1∂vφ˜)δadVvf
)
+
+Vseδac
(
∂s(φ˜
−1∂sφ˜)δadVvf − ∂s(φ˜−1∂uφ˜)δafVud
)]
+
+2 VudVvf
(
Vrcδae(δaf∂r∂uΓ
(1)
a − δad∂r∂vΓ(1)a ) + Vseδac(δad∂s∂vΓ(1)a − δaf∂s∂uΓ(1)a )
)
+
+4
[(1
3
(φ˜−1∂rφ˜) + ∂rΓ
(1)
a
)
δaeVrc −
(1
3
(φ˜−1∂sφ˜) + ∂sΓ
(1)
a
)
δacVse
]
[(1
3
(φ˜−1∂uφ˜) + ∂uΓ
(1)
a
)
δfaVud −
(1
3
(φ˜−1∂vφ˜) + ∂vΓ
(1)
a
)
δacVvf
]
+
+2VseVvfVrcVvd
[(1
3
φ˜−1∂rφ˜+ ∂rΓ
(1)
a
)(
∂u(VsaVva)− ∂v(VsaVua)
)
+
+
(1
3
φ˜−1∂sφ˜+ ∂sΓ
(1)
a
)(
∂v(VraVua − ∂u(VraVva)
)
+
+
(1
3
φ˜−1∂uφ˜+ ∂uΓ
(1)
a
)(
∂r(VsaVva)− ∂s(VraVva)
)
+
+
(1
3
φ˜−1∂vφ˜+ ∂vΓ
(1)
a
)(
∂s(VraVua)− ∂r(VvaVua)
)]
+
+VseVvfVrcVud
[
∂r∂u(VsaVva)− ∂r∂v(VsaVua) + ∂s∂v(VraVua)− ∂s∂u(VraVva)
]
+
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− 1
9
[(
Vvfδac(φ˜
−1∂vφ˜) + Vrcδaf (φ˜
−1∂rφ˜)
)(
δaeVud(φ˜
−1∂uφ˜) + δadVse(φ˜
−1∂sφ˜)
)
+ (A1)
+
Q2cQ
2
d
Q4a
δcfδedVtaVwa(φ˜
−1∂tφ˜)(φ˜
−1∂wφ˜) +
−Q
2
b
Q2a
Vta(φ˜
−1∂vφ˜)
(
δebVub(VraVvf φ˜
−1∂vφ˜+ δaf φ˜
−1∂rφ˜) + Vrbδbf (δaeφ˜
−1∂uφ˜+ VseVuaφ˜
−1∂sφ˜)
)]
+
− 1
3
[(
Vvfδac(φ˜
−1∂vφ˜) + δaf (φ˜
−1∂rφ˜)Vrc
)
[δaeVud∂uΓ
(1)
a + δadVse∂sΓ
(1)
a −
Q2d
Q2a
δdeVta∂tΓ
(1)
a ] +
+
(
δaeVud(φ˜
−1∂uφ˜) + δadVse(φ˜
−1∂sφ˜)
)
[δacVvf∂vΓ
(1)
a + δafVrc∂rΓ
(1)
a −
Q2c
Q2a
δcfVta∂tΓ
(1)
a ] +
−Q
2
cQ
2
d
Q4a
2
(
δcfδedVtaVwa(φ˜
−1∂tφ˜)∂wΓ
(1)
a
)]
+
−
[
Vvfδac∂vΓ
(1)
a + δafVrc∂rΓ
(1)
a −
Q2c
Q2a
δcfVta∂tΓ
(1)
a
][
δeaVud∂uΓ
(1)
a + Vseδad∂sΓ
(1)
a −
Q2d
Q2a
δedVwa∂wΓ
(1)
d
]
+
− 1
6
[[
δacVvf
(
φ˜−1∂vφ˜
)
Vud + δafVrcVud(φ˜
−1∂rφ˜)− Q
2
c
Q2a
δcfVudVta
(
φ˜−1∂tφ˜
)]
[
Vse∂sVua + Vse∂vVsa +
Q2h
Q2a
Vwa[δeh(∂uVwd − ∂wVuh) + VseVuh(∂sVwh − ∂wVse)]
]
+
+
[
δaeVrcVud
(
φ˜−1∂uφ˜
)
+ VseδadVrc
(
φ˜−1∂sφ˜
)
− Q
2
d
Q2a
δdeVrcVta
(
φ˜−1∂tφ˜
)]
[
Vvf∂rVva + Vvf∂vVra +
Q2h
Q2a
Vwa[VrhVvf (∂vVwh − ∂wVvh) + δfh(∂rVwh − ∂wVrh)]
]]
+
− 1
2
[[
δcaVvfVvd∂vΓ
(1)
a + δdaVvfVrc∂rΓ
(1)
a −
Q2c
Q2a
δcdVvfVta∂tΓ
(1)
c
]
[
Vse∂sVua + Vse∂uVsa +
Q2h
Q2a
Vwa[δde(∂uVwh − ∂wVuh) + VseVud(∂sVwh − ∂wVsh)]
]
+
+
[
VrcVud(δae∂uΓ
(1)
a + VuaVse∂sΓ
(1)
a )−
Q2d
Q2a
δdeVrcVta∂tΓ
(1)
d
]
[
Vvf∂rVva + Vvf∂vVra +
Q2h
Q2a
Vwa[VrhVvf (∂vVwh − ∂wVvh) + δfh(∂rVwh − ∂wVrh)]
]]
+
− 1
4
VrcVudVseVvf
[
∂rVva + ∂vVra +
Q2h
Q2a
Vta[Vrh(∂vVth − ∂tVvh) + Vve(∂rVth − ∂tVrh)]
]
[
∂sVua + ∂uVsa +
Q2i
Q2a
Vwa[Vsi(∂uVwi − ∂wVui) + Vui(∂sVwi − ∂wVsi)]
]}
.
(A2)
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